Acta Polytechnica CTU Proceedings 54:79-84, 2025
https://doi.org/10.14311/APP.2025.54.0079

© 2025 The Author(s). Licensed under a[CC-BY 4.0 licence
Published by the [Czech Technical University in Prague

DEEP LEARNING-BASED MODELING AND SIMULATION OF
HEAT CONDUCTION

ONDREJ SPERL, JAN SYKORA*

Czech Technical University in Prague, Faculty of Civil Engineering, Department of Mechanics,
Thdkurova 2077/7, 160 00 Prague 6 — Dejvice, Czech Republic

corresponding author: jan.sykora.1@fsv.cvut.cz

ABSTRACT. The present study focuses on applying deep neural networks (DNNs) to surrogate modeling
of heat conduction problems. Deep learning algorithms, valued for their ability to learn hierarchical
data representations through multi-layered networks, excel at identifying complex patterns. In this
work, the U-Net architecture — widely recognized for its effectiveness in image segmentation — is adapted
to model stationary heat transfer, providing a novel approach to a critical challenge in engineering
and physics. Specifically, we propose a deep learning-based surrogate model to predict stationary
temperature fields in 2D rectangular domains representing two-phase heterogeneous materials.

KEYWORDS: Stationary heat transport, convolutional neural network, U-Net architecture.

1. INTRODUCTION

Surrogate modeling is a popular computational strat-
egy employed to approximate complex, high-fidelity
models with simpler, more efficient representations,
while aiming to preserve the essential characteristics
of the original forward model [I]. This approach
is particularly advantageous in scenarios where the
original model is computationally intensive, making it
impractical for tasks such as optimization, uncertainty
quantification, or real-time simulations. The primary
objective of surrogate modeling is to achieve a bal-
ance between accuracy and computational efficiency,
thereby facilitating more rapid and cost-effective anal-
yses. Surrogate modeling has found widespread ap-
plication across various scientific and engineering dis-
ciplines, including aerospace [2], civil engineering [3],
materials science [4], and chemistry [5].

There are various types of surrogate models, each
characterized by distinct advantages and tailored to
specific application domains. Polynomial response
surfaces [6], such as quadratic or cubic models, are
simple and efficient but may struggle with highly non-
linear systems. Radial basis functions [7] and Krig-
ing [8] (or Gaussian processes) offer more flexibility in
capturing complex behaviors but can be more compu-
tationally demanding. Artificial neural networks [9]
and support vector machines [I0] are powerful tools
for high-dimensional and nonlinear problems, though
they require careful tuning and can be data-intensive.
Polynomial chaos expansions [I1] are particularly use-
ful for uncertainty quantification problems, as they
provide a structured way to represent uncertainty in
the model outputs.

There has been extensive research on constructing
surrogate models based on the deep learning approach.
These can be generally classified into physics-based,
see [12), [13], and data-driven surrogate models [I4].
Physics-based surrogate models rely on mathematical

equations derived from physical laws to describe sys-
tem behavior, requiring less data and offering greater
interpretability but potentially struggling with com-
plex, nonlinear phenomena. In contrast, data-driven
surrogate models use statistical and machine learn-
ing techniques to learn from large datasets, providing
rapid predictions and good generalization.

Here, we concentrate on the construction of data-
driven surrogate models utilizing deep neural networks.
Each DNN contains multiple layers of interconnected
nodes enabling one to learn complex data representa-
tions by identifying hierarchical patterns and features,
as detailed in [I4]. A typical DNN consists of three
types of layers:

(1.) An input layer that processes input data into the
model,

(2.) hidden layers that constitute the core of the DNN,
applying weights to the inputs and passing them
through the activation functions to generate out-
puts, and

(3.) an output layer that computes the final probabil-
ity scores of the desired outputs.

A specialized form of DNN is the convolutional neural
network (CNN), designed for image classification and
visual data interpretation [I5]. CNNs operate on the
principles of mathematical convolution, extracting
salient features from images using learnable filters.
They are primarily composed of convolutional layers
and max pooling layers, which reduce the number of
weights in the neural network.

Surrogate models founded on the principles of DNN
and CNN architectures and constructed for heat trans-
fer modeling represent the main idea of this contri-
bution. Our framework extends the work detailed
in [I6] I7], examining this aspect from various per-
spectives. The paper is structured as follows: The
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Methodology Section [2 concisely outline the funda-
mentals of non-stationary heat transport and the sub-
sequent discretization using the finite element method.
The effectiveness of the proposed DNN-based sur-
rogate model is evaluated in Section [3] through its
application to the stationary heat conduction problem
with Dirichlet boundary conditions. Our conclusions
will be summarized in the final Section [

2. METHODOLOGY

Initially, we consider a bounded body D C R? (refer-
ence configuration) with a piecewise smooth bound-
ary I'. Specifically, the Dirichlet, Neumann, and Robin
boundary conditions are applied to I'p C I, 'y C T,
and I'p C T, respectively, such that ' = I'p UT'y Ul g.
To analyze the temporal behavior of D, we consider
a time interval [0,T;] C R4. The temperature evolu-
tion in D is given by the function

0:D x[0,T,] — R?, (1)

where 6 (in degrees Celsius) represents the tempera-
ture. The heat transport is then governed by the tran-
sient heat balance equation with initial and boundary
conditions.
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The equations involve several key parameters to define
the thermal behavior of the system. The thermal con-
ductivity is represented by A(z) [Wm™! K~!], while
the volumetric heat capacity, c,(x) [Jm™3K™1], is
derived as the product of the volumetric mass density
ps(x) [kgm™3] and the specific heat capacity c,(z)
[Jkg= ' K], expressed as ¢,(z) = ps(x)cy(x). The
final simulation time is denoted by T [s], and the am-
bient temperature is given by 0 (x,t) [°C]. Further-
more, the heat transfer coefficient is o [Wm™2 K],
with 0p(x,t) [°C] and gn [W m™2] representing the
prescribed temperature and the heat flux, respectively.

We begin by restricting our analysis to the station-
ary case, which significantly simplifies data manage-
ment in the neural network training process. This
approach allows us to focus on a comprehensive and
detailed investigation of the problem. The governing
equation for the stationary heat problem is given by:

8o

V- (Mx)VO(z)) =0, reD,
0(z) = 0p(x), z € I'p,
N =av(e),  weTy, O
a(0(z) — 0 (x)) = )\(x)g—Z(m), z €lp.

The finite element method (FEM) is a powerful
numerical technique used to approximate solutions
to complex partial differential equations. It works
by transforming continuous functions into discrete
vectors, making them easier to handle with numerical
tools. One of the most common FEM approaches is
the Galerkin method, which we use in this context
to discretize the stationary heat conduction equation,
see [I8]. The method’s core idea is to minimize the
error between the exact and approximate solutions by
ensuring the residual — the difference between them —
is orthogonal to the chosen finite-dimensional space.
The Galerkin method’s orthogonality condition for
the residual guarantees that the approximation error
is minimized, yielding a mathematically consistent
solution, see [19].

2.1. DNN-BASED SURROGATE MODELS

Generally, the process of constructing a data-driven
surrogate model involves several key steps. Initially,
a set of design points is sampled — usually from the
multidimensional parameter space — often using tech-
niques like Latin Hypercube Sampling or Sobol se-
quences to ensure a representative distribution. This
set of design points is then evaluated using the high-
fidelity FEM-based model to generate corresponding
output/sampled data. The input-output (labelled)
pairs are subsequently used to train the specific type
of surrogate model. However, the generation of this
synthetic dataset through high-fidelity FEM simula-
tions often represents the most computationally ex-
pensive bottleneck in the workflow, and the proper
size of the dataset needs to be carefully considered.

The surrogate models proposed here are based on
the CNN architecture, with the U-Net architecture
chosen as the most suitable option for further devel-
opment. Introduced by Ronneberger et al. [I7], the
U-Net builds on the fully convolutional network frame-
work proposed by Long et al. [20]. Its innovation lies
in augmenting the standard contracting network with
upsampling layers, replacing pooling operations to
progressively increase output resolution. This design
allows convolutional layers to produce precise outputs
by leveraging contextual information. A key feature
is the use of extensive feature channels during upsam-
pling, which ensures effective context propagation to
higher-resolution layers. The resulting architecture
is nearly symmetrical, forming its characteristic “U”
shape. The specific implementation for our numerical
example is depicted in Figure
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FiGure 1. This U-Net diagram illustrates a convolutional network that downsamples the input in the encoder
via pooling and convolutions, then upsamples it in the decoder using up-convolutions. Skip connections bridge
corresponding encoder and decoder layers, preserving spatial information lost during downsampling.

3. EXAMPLE

We investigate a 2D rectangular domain representing
two-phase heterogeneous materials under Dirichlet
boundary conditions, with the left and right bound-
aries held at 20 °C and 5 °C, respectively. The domain
is meshed into quadrilateral finite elements, where
each element corresponds to a pixel of a specific mate-
rial phase. The domain includes two material phases
with thermal conductivities of Ay = 1.0OWm T K~!
and Ay = 5.0 Wm~! K~!. Heterogeneity is introduced
by randomly distributing overlapping A; circles within
the predominantly Ay domain, as depicted in Figure

il

FIGURE 2. One particular sample from FEM-based
dataset depicting the morphology of a heterogeneous
material.

A well-constructed synthetic dataset is vital for
training neural networks effectively, ensuring both ef-
ficient learning and high performance. We generated
a dataset of 20000 FEM simulations with randomly
created domain morphologies to capture critical fea-
tures. Given the simplicity of the problem, managing
this large number of simulations was straightforward,
allowing the network to model complex relationships
and adapt to various material fields.

Since the data preprocessing is almost the most
important part of machine learning, the FEM-based

dataset is further normalized to temperatures vary-
ing between 0°C and 1°C. This normalization offers
several advantages for neural networks: It accelerates
learning for gradient-based algorithms, helps mitigate
the issue of local minima that can trap neural networks
during optimization, enhances model performance by
accommodating the scale sensitivity of activation func-
tions, reduces overfitting by promoting better general-
ization and lower sensitivity to specific input feature
values, and ensures numerical stability by preventing
computational issues related to extremely large or
small numbers.

After normalization, the dataset is divided into
training, validation, and testing subsets to ensure the
development of a robust and generalizable deep learn-
ing model. This partitioning is essential for several
reasons: it enables an unbiased assessment of model
performance on unseen data (testing set), helps pre-
vent overfitting by monitoring training progress, and
identifies if the model is memorizing noise or outliers.
In addition, the validation set is critical for optimizing
hyperparameters — such as learning rate, batch size,
or network architecture — and for comparing different
models or algorithms. For these reasons, our dataset
is split into three distinct parts: 15000 samples for
training, 2 500 for validation, and 2500 for testing.

During the training process, the unknown parame-
ters of the DNN-based surrogate model are determined
using an optimization solver based on the training
dataset. Simultaneously, the loss is evaluated on the
validation dataset to monitor overfitting and underfit-
ting issues and to estimate the appropriate number of
training epochs. The loss values for both the training
and validation datasets in our specific example are il-
lustrated in Figure[3] The close alignment between the
two curves suggests that the model is neither under-
fitting nor overfitting, achieving a stable and reliable
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Ficure 3. Convergence graph.

performance by the end of the training. The presented
graph indicates that achieving a relatively well-trained
model requires an epoch count exceeding 10.

Once, DNN-based surrogate model is trained,
a qualitative assessment can be conducted using un-
seen data. Prior to this assessment, Figure {4 illus-
trates the temperature fields corresponding to a par-
ticular thermal conductivity field from the unseen
dataset. Figure [da] presents the ground truth tem-
perature field obtained through the FEM simulation,
whereas Figure [D] displays the temperature field pre-
dicted by the DNN-based surrogate model. Upon
visual comparison, the two results appear nearly iden-
tical. However, when the error values are visualized in
Figure [Ad differences ranging from —0.2°C to 0.3°C
become evident. The evaluation across the entire un-
seen dataset is presented in Figure [5, which displays
the mean (Figure [5a)), standard deviation (Figure [5h),
and maximum value of errors (Figure . These
graphs are derived from the dataset comprising the
absolute temperature differences between the FEM-
based simulations and the predictions generated by
the DNN-based surrogate model. The graph of av-
erage absolute error (Figure demonstrates that
the proposed DNN-based surrogate model achieves
a relatively high degree of accuracy. This observation
is supported by the second graph (Figure , which
illustrates the standard deviation of the absolute error
and shows that it remains consistently within similar
bounds.

4. CONCLUSION

This study demonstrates the efficiency of a DNN-
based surrogate model in predicting stationary tem-
perature fields within a heterogeneous 2D rectangular
domain subjected to Dirichlet boundary conditions.
The model was trained using an extensive dataset of
15000 FEM simulations, with careful attention paid
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FicURE 4. Comparison of temperature fields com-
puted for one specific thermal field.

to data preprocessing and normalization to enhance
learning and generalization. The evaluation of the
model on unseen data revealed a high degree of accu-
racy, with average absolute errors remaining consis-
tently low and standard deviations within acceptable
bounds. The successful application of DNN-based sur-
rogate model highlights its potential for efficient and
accurate prediction of complex physical phenomena,
offering a promising alternative to computationally
intensive FEM simulations.
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