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ABSTRACT.

The hardening soil model is one of the most commonly used constitutive models in

engineering practice. This model is based on multi-surface plasticity and combines the well-known
Mohr-Coulomb failure criterion, a hardening shear surface and a cap yield surface into a single model.
The stress-strain behaviour is improved by including nonlinear elasticity. In this paper a calibration
tool for a modified version of the hardening soil model is presented which is currently implemented in

the online calibration application called ExCalibre.
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1. INTRODUCTION

The most commonly recognized constitutive model in
engineering practice is named Mohr-Coulomb (MC)
which combines Coulomb’s failure criterion with
Mohr’s circle and thus provides a simple tool to anal-
yse failure states of frictional materials. The basic
version of this model is linked with perfectly elastic —
perfectly plastic behaviour. Although this MC model
works well in evaluating the strength of frictional
materials, its deformation behaviour lacks accuracy
and can be hardly relied on when the deformation
response of a structure is at the centre of the analysis.
This fact prompted development of new constitutive
models and theories which would reliably capture this
strength as well as the highly nonlinear behaviour of
soils.

Aside from distinct constitutive theories such as
hypoplasticity [I] and barodesy [2], the multi-surface
elastoplasticity still represents a sought after group
of constitutive models. A significant representative of
these models is the Hardening Soil Model (HSM) [3]
which, along with the MC yield surface, adopts the
hardening yield surface for shearing, and then adds the
additional cap yield surface which enables hardening
along the hydrostatic axis. The nonlinear behaviour
is defined in the terms of exponential relationships
involving Young’s modulus at the reference state o"¢7.
All things considered, the HSM model gained traction
among engineers and scientists for its simple definition
and adequate precision in monotonic loading. How-
ever, HSM requires 10 parameters to determine its
behaviour and although some of these parameters can
be successfully approximated, an accurate calibration
is not a simple task and requires a continuous back
analysis of the parameters obtained. This task gets
increasingly complicated when multiple experiments
are to be calibrated simultaneously.

Therefore, a calibration application called ExCali-
bre [4] was developed to provides engineers and sci-

entists alike with a convenient calibration tool which
should decrease time and efforts linked with calibra-
tion work. Currently, the application allows for the cal-
ibration of the following models: hypoplastic clay [1I,
hypoplastic sand [5], Modified Cam Clay [6], and
the Mohr-Coulomb model. Currently, ExCalibre will
enable calibration of two versions of HSM models.
The first version is the original version proposed by
Shanz [3] whose yield surface is defined as a hexag-
onal pyramid and the nonlinear elasticity based on
the minor stress component o3. The second version is
implemented in the GEO5 software [7] which differs
from the original version by its smooth yield surface in
the deviatoric plane (Matsuoka-Nakai), and nonlinear
elasticity dependent on the mean stress p. In this
paper, a short comparison of these models in their
essential definition, behaviour and parameters is pro-
vided and the calibration results with the modified
version of the HSM [7] is shown for the sand and clay
soil specimens.

2. HARDENING SOIL MODELS

In a sense, the HSM represents a transition between
state independent constitutive models such as Mohr-
Coulomb or Drucker-Prager and the models devel-
oped based on critical state soil mechanics, originally
represented by the elastoplastic Cam-Clay [6] model
which was later expanded upon in other theories, i.e.,
bounding surface plasticity [8], hypoplasticity [I] or
barodesy [2].

2.1. YIELD SURFACE

The original HSM model adopts the yield surface of
the MC model which is visualised by the hexagonal
pyramid fp;c in the principal stress space, see Fig-
ure This yield surface represents the limiting
envelope of all states, and one plane of the pyramid
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FI1GURE 1. Illustrations of the referenced yield surfaces.
fyve —MC yield surface, farn — Matsuoka-Nakai yield
surface, fs — shear yield surface, f. — cap yield sur-
face.

in the stress plane o1 X o3 is defined as

fuc(or,03) = (1)

1 1 .

5(01 —o03)+ 5(01 + o3)sinp — ccosp =0
with the friction angle ¢ and cohesion c¢. For other
planes, the indexes are permutated from 1 to 3. How-
ever, the GEOb version [7], implements the Matsuoka-
Nakai (MN) limiting yield surface instead which is
defined as

fun = sin? g, —sin o, (2)

where ¢,,, represents a mobilized friction angle. Note
that the MN surface is aligned with the MC surface
at the triaxial extension and compression (corners of
the pyramid) and defines increased strength at the
intermediate states.

In addition to the limiting yield surface, the harden-
ing yield surface, referred to here as the shear surface
fs, is implemented. Its definition stems from the hy-
perbolic law of drained triaxial tests in g x £ plane
and its implementation thus enables an accumula-
tion of a plastic deformation during shearing. This
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is a striking contrast to the MC model, which pro-
duces elastic deformations only until the yield surface
favo is reached. Expansion of the shear surface fs is
controlled by the accumulated plastic shear strains
~P which thus represents a memory variable of fs as
it can only expand, see Figure [Ibl In the original
model [3], the shear surface is defined in the stress
plane o1 X o3 as

chzl (01 —03)  2(01—o03)
® El 1- (Ul - U3)/Qa Eur

whereas GEO5 employs the relation

fsMNZq—(l—E) (;iqurS\z/gEmp)- (4)

where ¢ is a deviatoric stress, ¢, is the asymptotic
deviatoric stress, F,, is the unloading elastic stiffness
and

- ,yp’ (3)

B = 2FE5g 7 azl—sincpmy/\
2— Ry Om 5)
b R¢(1 —sinyp)
N sin

being the initial elastic stiffness and shear surface
coefficients, respectively. Note that Fso is used as
a parameter of the shear surface fs and thus does not
represent an elastic property. The initial stiffness F;
assures that E50 is reached during a shearing at 50 %
of maximum deviatoric stress for the given failure
ratio

Ry=1o (6)

ar

In the contrast to other common elastoplastic models,
the HSM employs the unloading stiffness F,, and the
unloading Poisson’s ratio v, due to the fact that both
the shear f; and the cap f. yield surfaces are active
during the primary loading. The elastic parameters
FE, and vy, thus control the elastic unloading and
reloading to the yield surfaces. The HSM thus does
not enable any cyclic accumulation.

The shape of the cap yield surface f. is inspired
by the yield surface of the Modified Cam-Clay model
(MCC), but however, its centre is located in the origin
of the plane p x ¢ as Figure [P indicates. In the
original version, f. is defined as

=2
q
fcMC:W‘FPQ—PE (7)
while GEOb5 uses a slightly modified relation
fMNziq2 +p* - p? (8)
(& X2M2 c*

Both ¢ and x assure that the values of the limiting
states are reached correctly at the triaxial compression
and triaxial extension and interpolates the interme-
diate values. The parameter M defines the height of
the cap yield surface. Similarly with ?, the overcon-
solidation stress p. serves as a memory variable of the
cap yield surface f. and marks its scale. The HSM
model thus incorporates 3 yield surfaces in total as
Figure [I] illustrates.
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2.2. DEFORMATION CHARACTERISTICS

The nonlinear elastic behaviour occurs during the
unloading and reloading to the shear f; and cap f,
yield surfaces. The unloading elastic stiffness E,,,. of
the original model [3] is defined as

t
o (W) o
o3 +ccotyp

where ET¢/ represents the unloading elastic stiffness
f

at the reference minor stress o3/,

(10)

> :E’"ef< p+ ccot )m

pref + ccot

usually Ugef = 100kPa. The parameter m imposes

an exponential relation on F,,.. During simulations of
various engineering problems, such as excavations, o3
can suddenly change direction and cause an abrupt
change in stiffness resulting in convergence issues. To
remedy this problem, some versions of HSM such as
GEO5 FEM replaced o3 dependency by the mean
stress p dependency as similarly to F,,., the exponen-
tial relationship for the secant stiffness modulus is
defined as

re o3 + ccot
L5 = E50f ri’f L (11)
o3 ' +ccotyp

Note that in GEO5 version, o3 is replaced with the
mean stress p as reported in Equation @ and Equa-
tion . See Figure [2| for the illustrations of these
stiffnesses.

HSM models employ the non-associated flow rule
of the shear surface fs, where the mobilized dilatancy
1y, is linked with the critical state friction angle ¢,
and mobilized friction angle ¢, through Rowe’s [J]
dilatancy relation

Sin @y, — sin @,

iny, = —————. 12
sing 1 — sin ¢y, sin ¢, (12)

The original HSM model employs MC plastic potential
guc(o1,03) = (01 — 03) + §(01 + 03) sin,, =0, (13)

whereas GEO5 employs the MN shape of the plastic
potential defined as

guN = q + (0m — ccote) My, where My, = 36_Ssii“n’%;‘ (14)

In order to restrict the infinite accumulation of
volumetric strains during a drained test or unrestricted
increase of deviatoric stress during an undrained test,
the mobilized dilatancy 1, is limited by the void ratio
emaz and the critical state friction angle ¢, as

siny,, =0 for @, < p.Ae< enaz- (15)

The cap yield surface adopts the MCC associated
flow rule, however, HSM does not implicitly define

a\

Qa

Qmax
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o
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FIGURE 2. Stiffness representation in ¢ X €,. Fs0 —
stiffness at gso, F; — initial stiffness, F,, — unload-
ing/reloading stiffness.

MCC’s hardening rule due to the lack of the related
parameters A and k. Expansion of f. is thus linked
with the volumetric plastic strains ef via hardening
modulus H as in
éb = 1 (16)
v = gpbe

It is often mentioned that the parameters M and H
should not be used as the input parameters and their
values should be linked with the oedometric modulus
E;:glc and Ky at the reference state, meaning that
the yielding of the cap must occur at the reference
state. If, however, the soil is overconsolidated and
p. significantly differs from the reference stress p,.y,
the simulated compression curve with the M and H
estimates will considerably diverge from the reality.

Besides the mentioned parameters, HSM maintains
these state variables:

e P —accumulated plastic shear strains defined the
magnitude of the shear surface fs,

e ¢ — void ratio is maintained to check for the dila-
tancy cut at enqz,

e p. — overconsolidation stress defines the magnitude
of the cap yield surface f.,

e ,, — mobilised friction angle controls evolution of
the mobilised dilatancy angle ,,,

e 1, — mobilised dilatancy angle.

3. CALIBRATION

ExCalibre [4] is developed based on analytical estima-
tions and deterministic optimization processes which
follow established theories of engineering geology and
critical state soil mechanics. The calibration enables
simultaneous optimization of multiple laboratory ex-
periments while maintaining fast optimization speed
and provides a convenient user interface with dis-
played results and an option of manual recalibration
according to the user’s needs.
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FIGURE 3. Evaluation of Ef¢/ and m from the set of
3 drained triaxial tests.

The HSM model is defined by 10 parameters in total.
Although all these parameters can be, in theory, set
independently, some of these parameters are related.
First, the focus is aimed at the stiffness driving pa-
rameters Eg(e)f , Eret, EZ;’; , Eiy m, vy, and o5 (or
Pref). Determination of the reference secant modulus
Eggf is straightforward once individual Esq from a set
of drained triaxial tests are evaluated as displayed
in Figure [3 EZ¢7 is in this case the intersection of
the regression line with the vertical axis and m is its
slope. Although it is postulated that stiffnesses Esxq,
FE.r, and F,.q are evolving identically by the parame-
ter m, it is not in general the case and a preference
must be applied to either of these stiffness measures
to reliably calibrate m. Recall that E5;’ corresponds
to E5g at the reference state, which is most often set
as orer = 100kPa. Importantly, the regression analy-
sis is valid only in the case of overconsolidated soils,
meaning the cap surface f. does not interfere with
the shearing, otherwise the simulated Es5¢ will not
correspond to the input value E5¢ and the response is
softer than expected. In such a case, the optimization
of E5o must take place to enforce the required secant
stiffness E5¢. In addition, in the previous section, it
was mentioned that the hyperbolic stiffness law stems
from the drained triaxial tests and thus in the case
of undrained tests, the optimization also must take
place to fit the laboratory data with the simulation.

The parameters ET¢f and v, are purely elastic
properties and although they can be calculated from
the unloading path of a drained triaxial test, this
section of the test is usually not available. There-
fore, Er¢f is evaluated from the unloading path of
an oedometric test at the reference stress o,.y pro-
vided that v, is known. In examined publications on
HSM v, = 0.2 and therefore this value is used by de-
fault in ExCalibre. The oedometric modulus E;Z‘(J; is
recommended to be evaluated at the reference stress
and together with KV serve for the optimization
of the parameters M and H, which are sometimes
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referred to as the internal parameters. For instance,
in Plaxis, the parameters M and H (in Plaxis re-
placed by K /K. ratio) cannot be set independently
by a user and they are internally optimized so that
E;ZJ; and K'Y are maintained at the reference stress
o"¢f. To match the Plaxis internal parameters cali-
bration, ExCalibre enables the same optimization to
calibrate M and H parameters. However, M and H
can be optimized not only to comply with a single
value at o,.y but also to better fit a whole span of
compression testing. This option is also available in
ExCalibre.

The strength parameters ¢ and c are calibrated as
a regression of peak states in triaxial tests. Unlike in
the MC model, HSM enables a progressive evolution
of dilatancy ¢ as Equation suggests. In this case,
the critical state friction angle ¢. is a conditional
parameter which switches on the dilatancy, and it is
obtained from the maximum dilatancy v and the peak
friction angle ¢ as

sin ¢ — sin vy (17)

SPe =17 sin psin
The dilatancy cut-off parameter e,,,, is calculated
as the average of maximum void ratios triaxial tests.
In the case of undrained tests, €,,,. = 0 since its
averaging would cancel dilatative behaviour only at
lower confining pressures.

The parameter Ry is defined as the ratio between
the asymptotic deviatoric stress of hyperbolic stress-
strain ¢, and ultimate deviatoric stress ¢y, recall Equa-
tion @ Due to the nature of the hyperbolic relation
in Equation , the parameter must uphold Ry < 1.
Although in many applications it is set at default as
Ry = 0.9, there are various approaches to its esti-
mation [I0]. Ultimately, the parameter controls the
rate of stiffness degradation when approaching q,.
Similarly to E5y these estimates serve well when cali-
brating overconsolidated soils. Therefore, R is thus
optimized in ¢ X €1 plane.

4. CALIBRATION RESULTS

Two examples of calibration are presented. The first
is represented by a low plasticity clay (CL), and the
second is represented by well graded sand (SW). Each
soil was calibrated with the GEOb5 versions of HSM
and, for reasons of comparison, complemented with
two other constitutive models implemented in ExCali-
bre, namely Mohr-Coulomb (MC), hypoplastic sand
(HS), and hypoplastic clay (HC). The parameters of
the HSM model calibrated on the sand and clay spec-
imens are shown in Table [[] and Table [2] respectively.

4.1. SAND

The oedometric test presented in Figure [4] with oe-
dometer sample is of a loose initial state. The MC
model, in this case, does not follow the experiment
since the elastic parameters Young’s modulus E and
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E;f Ef o, C, v Ry m, ¢ M H
GEO5 67265 128124 35 453 0.2 0.95 0.72 10.6 1.17 4140
TABLE 1. Calibrated parameters: Sands.
Ef Ef o, C, v Ry m, % M H
GEO5 48338 101766 25 232 0.2 099 03 33 1.32 5419

TABLE 2. Calibrated parameters: Clay.
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FIGURE 4. Oedometric test.

Poisson’s ratio v are calibrated on the drained tri-
axial test. The HSM parameters H and M of the
cap yield surface f. are calibrated to obtain the lat-
eral coefficient at the rest Ky and Young’s modulus
in oedometric conditions E,.q at the reference stress
Pref = 100kPa. The oedometric curve presented by
the HSM follows the experiment much closer than
the MC model. The last simulation is presented by
the hypoplastic sand model, which is based on criti-
cal state soil mechanics and qualitatively follows the
oedometric experiment much more closely.

Results of the drained triaxial tests are displayed in
Figure [f] The shear stiffness of the MC model results
from the average Fs5io. The HSM evaluates individual
Eso based on the parameters Efc’ and m. In this
case, a relatively high R; shows a reasonable rate
of stiffness degradation when approaching the peak
states. Dilatancy 1 is in both cases calculated alike as
the average of dilatancies corresponding to individual
drained triaxial tests. Noteworthy is the dilatancy
cut-off presented by the HSM model in comparison
with the MC model. The hypoplastic sand follows
well the stiffness degradation when approaching the
peak states and reasonably follows the subsequent
softening. The dilatancy of the hypoplastic model is
exaggerated, which is a commonly known drawback
of this model.
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FIGURE 5. Drained triaxial tests.

4.2. CLAY

Similarly to the previous example, the MC model
does not follow the underlying oedometric experiment,
see Figure [6] Although the HSM model follows the
experiment more closely, the hypoplastic clay model
matches the experiment very well.

The optimized shear stiffness of the MC model in
undrained conditions is shown in Figure [7] with the
bilinear diagram. The HSM model shows a degree
of nonlinearity with the influence of the dilatancy.
Notice the evolution of these two models in p x g space,
where MC model undergoes an elastic behaviour until
its yield surface is reached while the HSM model
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FIGURE 7. Undrained triaxial tests.

shows a distinct contractive behaviour followed with
a dilatancy at the yield surface fy;n. The hypoplatic
clay model follows relatively well the experiments
in ¢ X g, plane while its performance is not that

significant in the ¢ x p due to a low initial stiffness.

This is a known draw-back of hypoplastic models
which is remedied with a small-stain extension.
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5. CONCLUSION

In this contribution, preliminary calibration results
of the hardening soil model were presented alongside
three other already implemented constitutive models.
ExCalibre provides not only automated calibration,
but it also allows manual recalibration if more specific
tuning of the calibration is preferred. Publishing
the calibration for both the original [3] and modified
versions [7] of the HSM model is planned during 2025.
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