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Abstract
Bile is one of 32 bio-fluids in the human body. Lithogenic bile (bile with tendency for the gallstones formation) is the 
pathological state of bile. Rheological properties of lithogenic bile differ from normal one. The Vateri’s papilla is the 
narrowest duct in the biliary system. Peristaltic motion plays important role in the bile flow in the Vateri’s papilla. In 
the literature, there are many papers devoted to peristaltic flow of fluids in the infinite length tubes. There are not many 
papers devoted to peristaltic flow of fluids in the finite length tubes. Modelling of peristaltic flow in the finite length 
tubes requires the imposing of boundary conditions on the ends of a tube. It leads to problem statement complication 
and to obtain the problem solution is getting harder. The current paper aims at developing mathematical model of the 
peristaltic bile transport flow through the duct at papillary stenosis as a tapered finite-length tube. It allows evaluating 
velocities and pressure distribution along the tube, and detecting choledochopancreatic reflux occurrence conditions. 
Adopting the perturbation method, the analytical solutions for velocities and pressures are obtained. Pressure 
distribution versus axial coordinate at different time instants are plotted for various values of Weissenberg number and 
amplitude ratio. It revealed that the amplitude ratio has more effect on the pressure distribution along the tube 
compared to the Weissenberg number. The values of the pressure gradient corresponding to reflux occurring are 
obtained. The comparison between developed model and numerical peristaltic model code implemented in ANSYS was 
made. Moreover, it is reported that the pressure drop value corresponding to average flow rate equal to zero may serve 
as reflux occurrence criterion. Moreover, channel shape optimization was made for subsequent stent installation to 
restore normal bile flow using Nelder-Mead method.
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Introduction 

Physiological motion of most of bio-fluids (blood, 
bile, urine) is related to wavy contraction of walls of 
hollow organs i.e. peristalsis [1–3].

To the date, there are number of papers devoted to 
peristaltic flow since first papers in 1960-s [4–8].

Also, some clue studies devoted to bio-fluid 
peristaltic transport can be highlighted in papers of 

Eytan et al [9], Jimenez-Lozano et al [10], Misra and 
Pandey [11–16], Rao et al [3, 17–19], Park et al [20].

The peristalsis flow of bile as Newtonian fluid in the 
common bile duct is studied in paper of Maiti and 
Misra [1]. It was found that reflux starts, when critical 
pressure is rather small, but the number of gallstones is 
rather big. The gallstones presence sufficiently
decreases the flow velocity. Kuchumov et al [21] found 
that lithogenic bile behaves like a Carreau fluid and 
found constitutive parameters for the lithogenic bile.
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There are several papers devoted to peristaltic flow 
of Carreau fluid in the tubes with various geometry.

Hakeem et al [22] presented results of Carreau fluid 
in the tube with a constant cross section. The analytical 
conditions of the separation in the flow were found 
using the boundary layer theory, namely, the trapping 
region at the wall decreases with increasing volume 
flow rate. Nadeem et al [23] studied the peristaltic 
Carreau fluid flow between two eccentric cylinders 
with moving inner cylinder; the obtained streamlines 
allowed to evaluate the trapping regions; analytical 
solution was obtained by the perturbation method. The 
velocity profiles and pressure gradient versus flow rate 
dependence were compared with the results of 
Mekheimer et al [24]. Hayat et al [25] investigated 
two-dimensional Carreau fluid flow in a symmetric 
channel at various kinds of waveforms by analogy with 
Hariharan et al paper [26], whom considered Bingham 
fluid flow in the tube with divergent walls.

This paper presents a technique, which can be applied 
for the stent installation into the stenosed duct. To
increase the lumen of the duct, the stents should be
inserted, but the stent choice is subjective because the 
surgeons do not know initial shape of the channel in 
the healthy state. So, they choose the stent basing on 
their experience.

Our approach is described as follows (Fig. 1). First of 
all, it is necessary to evaluate the current shape of 
patient’s stenosed duct in vivo. Secondly, we should 
evaluate bile flow dynamics in the duct based on 
mathematical model. Finally, it is necessary to find an 
optimal shape of the duct adopting Nelder-Mead 
method.

On the basis of the solved problems, one can obtain 
the optimal channel shape for the subsequent stent 
insertion to restore this shape for the normal flow 
dynamics.

Modelling of peristlatic flow 
of lithogenic bile

Shape 
optimization

Current duct shape
evaluation

Fig. 1: Proposed approach to stenosed duct study.

Materials and methods

Anatomical background

Bile is the bio-fluid secreted by the hepatocytes (cells 
of the liver), which is responsible for the emulsification 
of fats [27]. From fluid mechanics point of view, bile 
flow depends on the pressure gradient and the wall 
contraction. Peristalsis plays an important role in the 
normal and pathological flows. Choledochopancreatic 
reflux (i. . pathological flow of the gallbladder bile 
coming out the common bile duct into the pancreatic 
duct instead of the duodenum) is known to be one of 
the reasons of the pancreatitis (inflammation of the 
pancreas) [28]. The Vateri’s papilla is formed by the 

union of the pancreatic duct and the common bile duct. 
The ampulla is specifically located at the major 
duodenal papilla [29]. It is believed that hypomotility 
of sphincter of Oddi (muscular valve that controls the 
flow of bile and pancreatic juice through the ampulla of 
Vater into the duodenum) has an influence on the bile 
flow and reflux occurring [30]. Recently, it has been 
also discussed that changes in the structure and geo-
metry of the Vateri’s papilla due to stone presence or 
papillary stenosis plays significant role in the reflux 
occurring [31].

Anatomy of bifurcation of common bile duct and 
pancreatic duct in the Vateri’s papilla ampoule sur-
rounded by the Oddi’s sphincter is presented in Fig. 2 
[32]. Papillary stenosis is the duct lumen decrease due 
to the scar tissue formation in the papilla [33].

Fig. 2: Anatomy of the biliary system including Oddi’s 
sphincter and ampulla of Vater (Vateri’s papilla) 
(Reprinted from https://commons.wikimedia.org, under 
CC BY license).

Current stenosed shape evaluation

To evaluate the shape of stenosed duct of the real
patient (male, 60 years) in vivo, we used endoscopic
retrograde cholangiopancreatography (ERCP) adopting
contrast substance (Fig. 3). Obtained image was taken
for evaluation of current duct shape. Image Tool
(Union D, USA) software was used for evaluation. 
Firstly, the image was imported in the software. After
that, the calibration of image dimensions was 
performed and six lines were plotted.

Fig. 3: X-ray image of stenosed duct obtained using 
ERCP.
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The aim of measuring was evaluation of inlet and
outlet radii, slope, and channel length. The model of
channel with plotted lines is shown in Fig. 4. The 
measured parameters are presented in Tab. 1. It was 
obvious that stenosed duct may considered as tapered 
tube with finite length. Measured parameters were put 
in the geometrical model to evaluate the peristaltic 
flow in the duct with papillary stenosis.

Fig. 4: Model of stenosed duct with plotted lines.

Tab. 1: Parameters of stenosed duct.

Parameter Value 
Inlet radius 4.1 mm 

Outlet radius 1.3 mm 
Slope -0.32 

Channel length 8.7 mm 

Mathematical modelling for peristaltic bile (as 
Carreau fluid) flow in tapered finite-length tube 

We consider the peristaltic flow of a non-Newtonian 
fluid (Carreau fluid) in a tapered finite-length tube. 
Sinusoidal waves of constant speed propagate along the 
channel boundaries (Fig. 5). The wavelength is com-
parable with the channel length (L ), thus the wave 
number is very small, and Reynolds number is negli-
gible.
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r r z

,
(1)

2
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p m w wr We
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Boundary conditions are written as follows:

0w =
r

   at   0r = ;                      (4) 

1w =    at   r = h ; (5) 

0u =    at   0r = ; (6) 

Hu
t

   at   r = h . (7) 

Fig. 5: Peristaltic flow in the tapered finite-length 
tube: problem sketch.

The finite-length tube requires the pressures at two 
ends of the tube

Ip = p at       0z = ,                   (8)

Ip = p at       0z = . (9)

In order to solve equations (1)–(3) and account for 
boundary conditions (4)–(9), the perturbation method is 
adopted and the solution is represented as an expansion 
over Weissenberg number (We):

2 4
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where 0 1 0 1 0 1, , , , ,w w u u p p are solutions of zero and 
first order problems.

Zero order system solution

The axial and radial velocities as well as pressure 
difference can be found as follows:
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First order system solution

The axial and radial velocities as well as pressure 
difference can be found as follows:
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Velocity vectors at different time instants

Velocity vectors at different time instants of peri-
staltic wave propagation are plotted in Fig. 6 for 
We = = 0.1. The parameters were taken as 
follows: a = 0.006, = 0.5, l = 1, m = 0.56. Inlet and 
outlet pressures correspond to common bile duct 
pressure (1.12 kPa) and duodenum pressure (0.98 kPa) 
values [34]. Since the axisymmetric problem is consid-

ered, the velocities are plotted for the upper part of the 
tube only.

a b

c

Fig. 6: Velocity vectors along the tube length at 
We = = 0.1 at different time instants:
a - t = 0, b - t = 0.4, c - t = 0.8.

Pressure versus flow rate

A relation between pressure drop and average flow 
rate under the effect of Weissenberg number and 
amplitude ratio is presented in Figs. 7, a–b. It is 
observed that the average flow rate grows up with an 
increasing magnitude of Weissenberg number and 
amplitude ratio. Weissenberg number strongly affects 
the pressure shift compared with the amplitude ratio. It 
should be noted that at Q = 0 p is 
maximal and after that the pressure gradient decreases 
when the flow rate increases.

a b

Fig. 7: Dimensionless pressure difference vs. averaged 
-dotted 

with variation of We (We = 0.1 [dash-dotted line],
We = 0.5 [dash line], We = 0.9 [solid line]).
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Moreover, it can be detected that at greater values of 
the pressure drop, the flow rate may have negative 
values that correspond to fluid flowing in the reverse 
direction (reflux) (condition 0Q is often regarded as 
reflux state). Thus, in our case the values of the 
pressure drop corresponding to Q = 0 may be called as 
choledochopancreatic reflux occurrence criteria.

Numerical simulation of peristaltic bile flow in 
tapered finite-length tube using ANSYS

To validate analytical model, we simulated peristaltic 
flow in the tapered tube using commercial package 
ANSYS Workbench (Canonsburg, USA).

a

b
Fig. 8: Velocity (a) and pressure distributions (b) at 

= 0.1.

a

b
Fig. 9: Velocity (a) and pressure distributions (b) at 

= 0.3.

The wall motion was controlled by a User Defined 
Function (UDF) where the midpoint was controlled by 

the function described in the UDF and is a sine
function. The points on either side were prescribed by 
the function given in UDF and it is also a sine function.

The UDF was written in C code and put in the 
ANSYS Fluent to boundary conditions as moving wall.

The numerical validation showed good convergence 
with analytical model data.

Fig. 8–9 present velocity and pressure distributions at 

Shape optimization of peristaltic Carreau fluid flow

For the proper stent installation, it is necessary to 
evaluate optimal values for inlet radius and slope to 
restore the flow rate in the healthy state. An average 
bile flow daily amount for a health adult person is 
approximately equal to 1500 ml [35]. Thus, it is 
necessary to formulate a shape optimization problem
for the tapered finite-length tube at peristaltic Carreau
fluid flow. Let us introduce objective function:

2*

0

T

Q Q dt , (21)

where Q is mean flow rate, *Q is an average bile flow 
daily amount.

The mean flow rate is defined as follows:

0

2 .
h

Q W RdR (22)

Varying inlet radius and slope (objective variables),
let us minimize a deviation between Q and *Q . It 
corresponds to following problem solution by Nelder-
Mead method:

min( , )a l . (23)

It also should be noticed that the tube is need to be 
tapered anyway due to physiology. Nevertheless, we 
may control slope coefficient, but a limitation is that 
the tube can not be straight.

Results of optimization

The computed results for optimal parameters of slope 
coefficient and inlet radius are presented in Tab. 2. 
Velocity and pressure distributions for 0.1 at 
different Weissenberg numbers (We = 0.1, We = 0.2, 
We = 0.3) The computed results showed that optimal
parameters of the tapered tube at 0.05 (for any 
Weissenberg number) and 0.1 (for We = 0.1 and 
We = 0.2) provide rather glide flow. The results for 
velocities at 0.1 and We = 0.1 and at 0.1
We = 0.2 are approximately the same (Figs. 10, 12).
The different velocity and pressure distribution may be 
observed at 0.15 and We = 0.1 as well as

0.1 and We = 0.3. In these cases, the optimum 
parameters of the tube are such that the outlet channel 
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at certain time instants is almost closed. At the same 
time to provide the desired flow rate, the fluid rushes 
with higher velocities, which is accompanied by sig-
nificant pressure fluctuations.

a b

c

Fig. 10: Velocity distribution in the optimized tapered 
tube at We = = 0.1 at different time instants 
t = 0.4 (a), t = 0.8 (b), t = 1 (c).
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Fig. 11: Pressure distribution in the optimized tapered 
tube at We = 0.1 and = 0.1 at different time instants 
t = 0.4 (a), t = 0.8 (b), t = 1 (c).

a b

c

Fig. 12: Velocity distribution in the optimized tapered 
tube at We = = 0.1 at different time instants 
t = 0.4 (a), t = 0.8 (b), t = 1 (c).
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Fig. 13: Pressure distribution in the optimized tapered 
tube at We = = 0.1 at different time instants 
t = 0.4 (a), t = 0.8 (b), t = 1 (c).

The pressure distributions for We = 0.1, We = 0.2, 
and We = 0.3 are shown in Figs. 11, 13, 15, respec-
tively. It should be noticed that at first the pressure 
decreases slowly and finally rises sharply to meet the 
leading end of the bolus.
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Tab. 2: Optimal parameters of tapered tube at various 
Weissenberg number and amplitude ratio.

Parame
ters 

 
 

 
 

We = 0.1 We = 0.2 We = 0.3 

0.05 0.1 0.05 0.1 0.05 0.1 

Inlet 
radius 
(a), cm 

0.59 0.55 0.56 0.54 0.6 0.5 

Slope 
(l) 0.98 0.92 0.93 0.93 0.94 0.9 

 

a b

c

Fig. 14: Velocity distribution in the optimized tapered 
tube at We = = 0.1 at different time instants 
t = 0.4 (a), t = 0.8 (b), t = 1 (c).

Thus, it should be noticed that peristaltic flow of 
Carreau fluid in the tapered finite-length tube is the 
mostly efficient at relatively low amplitude ratios of 
the peristaltic waves propagating along the Vateri’s 
papilla wall.
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Fig. 15: Pressure distribution in the optimized tapered 
tube at We = = 0.1 at different time instants 
t = 0.4 (a), t = 0.8 (b), t = 1 (c).

Conclusion 

Papillary stenosis is a disease, which implies the 
narrowing of the Vateri’s papilla of making it like 
tapered tube. Peristalsis has an effect of the bile flow in 
that region. It should be noticed that peristaltic wave 
propagation and duct wall contraction is related to 
control signals from neural and endocrine systems.
A promising area of the research is to examine the 
sphincter modes at different stages of digestion and the 
providing of personal recommendations based on ob-
tained results.

Previously, it was shown that lithogenic bile can be 
regarded as non-Newtonian fluid. The flow of
lithogenic bile as the Carreau fluid in the Vateri’s
papilla modeled as a finite length tapered tube is 
discussed in the paper. Analytical solutions for axial 
and radial velocities and pressure difference are 
obtained. Pressure distribution versus axial coordinate 
at different time instants were plotted for various 
values of Weissenberg number and amplitude ratio. 
The values of the pressure gradient corresponding to 
reflux occurring are obtained. Moreover, it was shown 
that the pressure drop value corresponding to average 
flow rate Q = 0 may be called reflux occurrence 
criterion.

Numerical validation of peristalsis model is also 
presented. Computer modeling was performed in 
ANSYS Workbench. Velocity and pressure distri-
butions showed good agreement between numerical 
and analytical data.

Moreover, shape optimization was performed using 
Nelder-Mead method. The aim of optimization was to 
obtain parameters of the tapered tube, which provide 
flow rate close to flow rate in the healthy state. 
Objective parameters were inlet radius and slope of 
duct wall. Influence of Weissenberg number on 
velocities and pressure drop in optimized tube 
geometries was also presented. The peristaltic flow is 
more efficient at low amplitude ratios.

The presented patient-specific approach can be 
implemented in the surgical practice during the 
planning of endobiliary interventions and stenting.
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