doi:10.14311/ppt.2021.3.23
Plasma Physics and Technology 8(3):23–29, 2021

© Department of Physics, FEE CTU in Prague, 2021

ANALYTICAL SOLVING A NONLINEAR MODEL OF THE GLOW
DISCHARGE
M. Aram
Tehran, Iran, Postal Code: 13938-84368∗
mjaram200003@gmail.com

Abstract. A nonlinear model has been introduced for the positive column of DC glow discharge in a
pure sealed, or low flow, gas media by including the diffusion, recombination, attachment, detachment,
process and having the two-step ionization process of the metastable excited states, too. By the
combination of the system of the nonlinear continuity equations of the system, using some physical
estimations, and degrading the resulted nonlinear PDE in polar and rectangular systems of coordinate
the steady-state nonlinear ODE have been derived. Using a series-based solution, an innovative
nonlinear recursion relation has been proposed for calculating the sentence of series. Using the state
of elimination of free charge on the outer boundary of the discharge vessel, the universal equation of
the characteristic energy of the electrons versus the similarity variable, using the maximum degree of
ionization as the parameter, has been derived.
Keywords: CW glow discharge, nonlinear differential equation, pure gas environment..

1. Introduction
Electric discharge in gases [1–3] has played a significant role in the emergence and development of modern
physics, and in addition to its many applications in
science and technology [4–7], it remains a field for experimental and theoretical research [8–10]. The glow
discharge is very important in a wide range from glow
discharge lamps [11] to energy injection in continuous and pulsating gas lasers such as carbon dioxide
[12] and excimer [13] laser. Since the optimization of
small signal gain and overall efficiency of these lasers
is strongly dependent on the discharge conditions, so
it requires further theoretical understanding in this
area. It has been already discovered, in the positive
column (PC) of the glow discharge (GD), there is
an equation between electron characteristic energy,
kTe , and the similarity variable, nR or pR where n
is overall particle density of media, p is overall pressure of the media and R is the internal radius of the
discharge vessel, no matter it is DC or AC discharge
[14–17]. A basic analytical formula for this equation
is introduced by most of the references which have
been derived. But the proposed physical model has
been based on the diffusion dominated PC of the GD,
and the second order ionization process, i.e., collisional and photo-ionization of the metastable states,
are ignored.
In this paper, results of an investigation on the
generalized equation of the characteristic electron energy kTe on the similarity variable of the glow discharge N R, where N is the total particle density of
the media and R is the internal radius of the discharge
vessel, have been reported. The process of the dif∗ Retired of the Photonics and quantum technologies research school, N.S.T.R.I, Tehran, IRAN.

fusion, recombination, and ionization of the ground
and metastable excited states, by the electrons and
photons, has been included in the model because the
intention was for the model to be, a complete picture
of the all glow discharges as more as possible, including sub-normal to abnormal. Obviously the model has
to have nonlinearity [18]. The physical model has been
based on the time-independent system of the continuity equations of the electron and ions (positive and
negative, assuming negative ion density is negligible),
in the glow discharge of pure gases, or metal vapor.
The terms of particle drift and diffusion are included
in the left hand side. The ionization (collisional 1st
and 2nd order) and electron-ion recombination have
been included in the right hand side as is described
in the next section.
It has to be noted here that no other theoretical
results have been found for comparison. Only there
is an experimental work which has been done on the
media of the glow discharge of the CO2 laser [19] and
shows the dependence of the kTe to the similarity
variable using the electron density as the parameter
and could be imagined as an strong motivation for
doing this research.

2. Physico – Mathematical
considerations and analytic formulas
Starting with the introduction system of the timeindependent continuity equations for electrons and
ions (positive & negative) in a continuous glow discharge in pure gas and/or metal vapor environment.
Although, the effect of the gas flow on the current
density is ignored here by restricting the applied condition to sealed off or low gas flow medias, the result
isn’t affected principally by such a simplification. By
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taking into account a first-order (linear) and secondorder (non-linear) terms, the system of the equations
is as follows:

∇ · Je = nRion − nRatt + n− Rdet ne

m
m
e
+ nm Rion
ne + Rphion
Nph − n+ γrec
ne , (1)
m
m
∇ · J+ = nRion ne + nm (Rion
ne + Rphion
Nph )
e
±
− n+ (γrec
)ne − n+ (γrec
)n− ,


±
)n− ,
∇ · J− = nRatt + nRdet ne − n+ (γrec
dnm
m
m
m
= nRexc
ne + nm (Rion
ne + Rphion
Nph )
dt
m
− nm RS.elas
ne .

(2)
(3)

(4)

(5)
(6)

It should be noted that in relations (4) to (6), the
phrase related to radial diffusion is ignored and the
time dependence is almost zero, which will be emphasized later. Here n, is overall particle density. ne , n+
and n− are the density of the electron, positive and
negative ions, respectively. Nph is the overall photon
density in the media. Je = −µe Ene − De ∇ne , J+ =
n+ Eµ+ − D+ ∇n+ , and J− = −n− Eµ− − D− ∇n− ,
are the current densities of the three major species. E,
µe , µ± , De and D± are electric field intensity, mobility of the electron and ions(positive & negative), and
diffusivity of the electron and ions (positive & negative), respectively. After that, nm , nexc , τ and Nph
are the overall density of the particles in metastable
excited states, density and radiation life time of excited states and overall photon density, respectively.
m
m
On the other hand, Rion , Ratt , Rdet , Rion
, Rphion
,
m
e
±
Rs-elas , γrec and γrec are the collisional ionization rate,
electron attachment rate, electron detachment rate,
collisional ionization rate of the metastable excited
states, photoionization rate of the metastable excited
states, deactivation rate of the metastable states with
super-elastic collision by electron, electron-ion (positive) recombination rate and recom bination rate of
the ions (positive & negative), respectively. At this
step, it has to be implemented that there is dependence to the reduced electric field (E/N ) for all of
the plasma media kinetics parameters, like mobility
and diffusion. But the interesting point is that Te and
E/N are related [2] too, so we can use the electron
temperature as the basic parameter and left a E/N
dependent model to the future. The main benefits
24

a) n− < ne & µ−  µe ⇒ J−  Je
⇒ Je + J− ≈ Je ,
b) ∇J− = 0

The other decay process of the metastable states in
equation (4), esp. the non-radiative decay, are ignored as an estimation, unless the model gets very
complicated and nonlinearity gets degree of 3.
dNph
nexc
m
=
− nm Rphion
Nph ,
dt
τ
nexc
dnexc
m
= nRexc
ne −
.
dt
τ

of such approach is that the basic purpose of the research, where is investigation on functionality of the
electron temperature of the similarity variable (in a
generalized nonlinear model of glow discharge), is satisfied without being captured by the calculation of
the collision integrals, where are required for having
relation to the E/N .
Now, the equations (1) to (3) have to be combined
using the following estimations (notice: the radial
diffusion of the negative ions is ignored):


±
⇒ nRatt − n− Rdet ne = n+ (γrec
)n−
≈

(7)

±
ne (γrec
)n−




Ratt
= nε
±
Rdet + γrec
& n+ = ne + n− = ne + nε,
⇒ n− ≈ n

Ratt
±
+ γrec
.
where ε = R
det
By combining (4) to (6) and using the steady-state
condition the following relation for the estimation
for the number density of particles in the metastable
states, has been derived:

dnm
=0
dt
⇒ nm = n

m
Rexc
= nεm ,
m + Rm
(Rion
S.elas + Rexc )

(8)

Rm

where εm = (Rm +Rmexc +Rexc ) . By inserting the relaion
S.elas
tions (7a), (7b) and (8) in the Equations (1) and (2),
the following relation has been derived:
a) ∇ · Je = −(ne µe + nεµ− )∇ · E − De ∇2 ne
h
i
e,±
e
= n Rionizexc − γrec
ne − γrec
n2e ,
b) ∇ · J+ = (ne + nε)µ+ ∇ · E − D+ ∇2 n+
h
i
e,±
e
= n Rionizexc − γrec
ne − (γrec
)n2e ,
(9)
m
m
m
where Rionizexc = (Rion
+ Rexc
+ εm RS.elas
) is defined as the overall ionization and excitation rates
e,±
e
±
to metastable states and γrec
= γrec
+ εγrec
is the
overall recombination rate.
Next, using the formula (7b) and replacing
e,±
Rionizexc − γrec
by Reff , (be notified that ∇2 n+ =
2
∇ (ne + n− ) ≈ ∇2 ne ), equations (9a) and (9b) has
been mixed and partial nonlinear equation of the
space-dependent charge density in the glow discharge
has been derived as follows:
e
Dae,± ∇2 ne + (γrec
)n2e = 0,

(10)
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where, at the right hand has been included in first and
second order terms, in aspect of dependence to the
±
electron density. Also, Dae is the unified ambipolar
diffusion coefficient that has been defined as follows:
eff
D+ µeff
e + µ+ De
.
(11)
eff
eff
µe + µ+


ε µ−
Here µeff
=
µ
1
+
and µeff
=
e
e
+
µ
D
·
I
e


ε
µ+ 1 +
are proposed as effective mobility of
D·I
the electron, and effective mobility of the positive
ne
ions, respectively. Also, D · I =
is proposed as
n
the radial average degree of ionization. Simplicity has
been tried in definition of the Dae,± , although there is
a more complicated formulas for ambipolar diffusion
coefficient in mixed gaseous media [20].
It is important to notifie the criteria for having a selfe,±
sustained glow discharge i.e. Reff = Rionizexc −γrec
>0
which obviously put a lower limit on the electron
temperature. From empirical evidence, it is reasonable
to assume β > η 2 ne , which means that the discharge
is self sustained. For simplicity, the equation (10) has
been written as follows:

Dae,± =

∇2 ne + βne − η 2 n2e = 0.

(12)

e
γrec
nReff
2
are
e,± and η =
Da
Dae,±
defined as new parameters. The important point is
that the physical dimensions of β and η 2 are L−2 and
L respectively (L represents the dimension of length
in the physical dimension apparatus).

In the above equation β =

3. Solving the nonlinear equation and
extracting results
In this section using the two dimensional Cylindrical
and Cartesian system of coordinates, equation (12) has
been decomposed into non-linear ordinary differential
equation and the general functions of spatial variations
of electron density have been derived.

3.1. Deriving the differential equation in the
Cylindrical and Cartesian system of
coordinates

as follows:

d2 f (r) 1 df (r) β  2
+
−
f
(r)
−
1
=0
dr2
r dr
2

(14)

In the equation (13), by attention to
 the2 dimension

2η ne (r)
2
of β and η , it is clear that f (r) =
−1
β
is a dimensionless function of r. From the mathematical point of view, this is a nonlinear ordinary
differential equation which is very similar to the Bessel
ordinary differential equation. There are classic [21]
and new [22–28] references about the nonlinear differential equations (partial and ordinary) in physics and
mathematics. It is still a fascinating area for research
on finding analytical solution, where be simple and
general straightforward. At this point, using a generalization of the Frobenius [14] method, a series based
formula has been proposed as the analytical solution
of the equation (14) as follows:
f (r) =

∞
X

(15)

an rn

n=0

By inserting the (15) in the equation (14) and some
mathematical operations an innovative, nonlinear recursion formula has been found which, accompanied
by the (physical) initial condition, act as the nonlinear
generator of the series sentences as follows:
p
2η 2 (ne )max
4 + 16 + β 2
a) a0 =
−1=
, a1 = 0
β
β
n
X
β/2
b) an+2 =
b
,
b
=
a∗n−j aj ,
n
n
(n + 2)2
j=0
(16)
where n = 1, 2, 3, . . .
Using the relations (14) to (16), it has been found
that the following mathematical replacement for the
f (r) is more useful. Science shows the dimensionless
property of the series very clearly:
f (r) = F (βr2 ) = a0 +

∞
X
k=1

b2k−2
4(k + 1)2



βr2
2

a1 = a2k+1 = 0.

k
,
(17)

3.1.1. Cylindrical coordinate
Assuming z-direction as the direction of the electric
field intensity and the axis of symmetry of the discharge. So, electron density would be assumed independent of the z, and φ, with a decrease in radial
dependence. Using simple mathematical operations,
the equation (12) above changes to a nonlinear ordinary second-order differential equation:

3.1.2. Cartesian coordinate
The discharge electric field has been chosen in the
x-direction and the yz-plane has been proposed as the
symmetry plane of the system. So, the flat electrodes
have been placed at x = 0 and x = L and each
one’s width is from y = −Y0 to y = Y0 . By this
arrangement, the equation (12) will be changed to the
following form:

1 dne
d2 ne
+
+ βne − η 2 n2e = 0,
2
dr
r dr

d2 ne
+ βne − η 2 n2e = 0
dy 2
 

d2 g(z)
β
2
⇒
−
g
(y)
−
1
= 0.
dy 2
2

(13)

where r is the cylindrical radial coordinate. After
mathematical operations, the equation (14) will result

(18)
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2η 2 ne (y)
− 1 is a dimensionless funcβ
tion. By assuming the series formula like g(y) =
∞
P
cn y n for the solution of this nonlinear ordinary


(1a)

14

7

12
0

6
BY2

differential equation and using the rules like what
has been used in cylindrical coordinates the following
formulas have been derived:

(1b)

8

0

n=0

16

BR2

Here, g(y) =

10

5
4

8

3

p
2η 2 (ne )max
2 + 4 + β2
a) c0 =
−1=
, c1 = 0
β
β
n
X
β/2
b) cn+2 =
dn , dn =
c∗n−j cj , (19)
(n + 2)(n + 1)
j=0
where n = 1, 2, 3, . . . The definition of dn0 , likewise bn0
in the preceding section, is a second order nonlinear
term, which has been obtained from inserting the
series definition of the g(y) in the equation (18). The
expression (ne )max is the maximum electron density
of the discharge, which is taken into account on the
y-axis. In this case, using the equation (18) and by
intention to make the function g(y) dimensionless, the
following equation for the solution has been resulted:
g(y) = G(βy ) = c0 +
2

∞
X
k=1

c2k−2
2(k + 1)(k + 2)



βy 2
2

c1 = c(2k+1) = 0

k
(20)

3.2. Mathematical results and their physical
interpretation
In this section, the characteristic equation of the glow
discharge has been derived by considering the condition of zero free charge density on the inner wall
of the discharge vessel, r = R0 from the central axis
(cylindrical polar) or y = Y0 from the symmetry axis
(Cartesian coordinate):
a) ne (R0 ) = 0 ⇒ f (r) = F (βR02 ) = −1

k
∞
X
βR02
b2k−2
⇒a0 +
= 0,
4(k + 1)2
2
k=1

(21)
b) ne (Y0 ) = 0 ⇒ g(y) =
⇒c0 +

∞
X
k=1

G(βY02 )

c2k−2
2(k + 1)(2k + 1)



= −1
k
βY02
= 0.
2

The physical condition η 2 ne 6 β makes an interval for
a0 and c0 where varies from near 1 (which corresponds
to negligible or nearly zero recombination coefficient)
to 1 (which corresponds to η 2 ne ≈ β). Then, the
above equations (21a) and (21b) have been solved
using the evolutionary genetic algorithm in MatLabr ,
which results are shown in two figures in Figure 1 (a)
and (b). The horizontal axis of figures has been calibrated in terms of the α parameter, which is defined
26
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Figure 1. The diagrams of the solution of the equation
(21a) in (a) Cylindrical Polar Coordinates and (21b)
in (b) Rectangular Cartesian Coordinates vs. the α
parameter where it is dependent to the electron density

as follow:
2η 2 (ne )max
β
γ (ne )max
= α,
=2
Reff
N

a0 + 1 = c0 + 1 =

(22)

(ne )max
where
is considered as the maximum degree
N
of ionization which takes place on the axis of symmetry
of the discharge. Figure (1) illustrate graphically the
general dependence of the glow discharge electron temγ (ne )max
perature to the parameter α = 2
, which
Reff N
can be considered as a generalized characteristic figure
of the glow discharge. Obviously, such reliance means
the electron temperature has to be affected by electron density and current of the discharge which was
observed experimentally before in pure media [29, 30].
Importantly, as the γ approach zero, figure 1(a)
shows that βR02 tends to the common value of
(βR02 )min = (2.4)2 = 5.76, which corresponds to the
glow discharge in cylindrical coordinate control by the
ambipolar diffusion. In the case of figure 1(b), the
graph tends to the value (βY02 )min = (1.57)2 = 2.4649,
which is related to the diffusion dominated glow discharge in the Cartesian coordinates. By the way, this
has been proposed as a sign of the accuracy of the
model, calculations and the resulted solutions. Given
that, it can be shown that:
a)βR02 = (N Reff /Dae,± )R02
 1
Reff
1 
= (N R0 )2 kB
+
,
N µe
N µi
e (Te + Ti )
b) βY02 = (N Reff /Dae,± )Y02
 1
Reff
1 
= (N Y0 )2 kB
+
,
N µe
N µi
e (Te + Ti )

(23)

where kB and e are Boltzmann constant and electron
charge, respectively. So, from equation (23) and figure
(1), it is obviously clear that the electron temperature in the generalized nonlinear model of the glow
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where x =

2η
(ne )max .
β
2

Coefficient
P1
P2
P3
Q1
Q2

System of Coordinate
Cylindrical Polar Cartesian Rectangular
0.1205
-16.57
39.35
-5.324
6.803

1
a

1
0.5

0.5

0

0
6

(24)

The coefficients of the above mathematical equations
in terms of the corresponding coordinate system are
shown in Table (1). A valuable result that has come
out of the mathematics was αmax 6 1, and it means
that for having a self-sustained DC glow discharge
which is controlled by diffusion–recombination, the
γ (ne )max
limit of
6 0.5 must be satisfied.
Reff N

0.0059
-5.884
13.39
-4.688
5.429

Table 1. The parameters of the rational function in
(24) in cylindrical and Cartesian coordinates.

Next, by replacing the axis of figures in Figure
1(a) and 1(b), a graphical( demonstration of the
βR02
2η 2 ne (x)max
= α(x) versus
has been derived.
β
βY02 ,
The results are shown in figures 2(a) and 2(b).
The most consistent mathematical relations that
are expressing the dependence of ne (x)max on the geometrical and microscopic properties of the discharge
in Cylindrical polar and Cartesian Rectangular coordinates, have been again fitted to the data and
parameters of mathematical formula (25) have been
found (see table 2).


β
P1 x 2 + P2 x + P3
ne (x)max = 2
2η
x2 + Q1 x + Q2
(
βR02
(25)
x=
βY02
The coefficients of the equation (25) for the two systems of coordinate are given in Table (2).
Finally, using definition the spatially averaged elec
1 R ξ0
r
0
0
0
n
tron density, n̄e =
(ξ
)dξ
,
where
ξ
=
e
y
ξ0 0
 
R0
and ξ0 =
, in equation (24) for cylindrical coorY0
dinates, and equation (25) for rectangular coordinates,
the equation (26) is obtained for the dependence of

b

1.5

a

1.5

a

discharge will be dependent to the electron density,
too.
Finally, by fitting the most consistent mathematical
relation to discrete points, as shown in figure (2), the
following equations have been obtained as a function
of the general characteristic of the glow discharge:
)
βR02 (x)
P1 x 2 + P2 x + P3
=
,
x2 + Q1 x + Q2
βY02 (x)

8 10 12 14 16
BR20

4

6
BY20

8

.
Figure 2. The diagrams of the α parameter where
is dependent to the electron density, vs. βR02 in (a)
Cylindrical Polar Coordinates and vs. βY02 in (b)
Rectangular Cartesian Coordinates which are results
from equation (21)
Coefficient
P1
P2
P3
Q1
Q2

System of Coordinate
Cylindrical Polar Cartesian Rectangular
1.828
37.09
42.34
16.37
44.26

1.845
61.72
68.9
28.29
70.66

Table 2. The parameters of the rational function in
(25) in cylindrical and Cartesian coordinates.

the (average) electrical conductivity of the plasma
glow discharge [31–38] to the geometry, and electron
and ionic temperatures.
n̄e
σ̄ = e (N µe ) = e(N µe )
N


∞

k
b2k−2
β
ne
R0 P
+
(x/2)
 2η2 N max SV k=1 4(k+1)2 (2k+1)

,
×
∞
 β n 
k
b2k−2
Y0 P
e
2η 2 N max + SV
2(k+1)(k+2)2 (x/2)
k=1
!
N R02
SV =
,
N Y02
(26)
!
βR02
x=
,
βY02
n̄e  ne 
,
are the average and maximum
N
N max
degree of ionization, and N µe is electron reduced
mobility (in !
gaseous medium), respectively. Also,
N R02
SV =
, is the similarity variable of the disN Y02
charge in Cylindrical or Cartesian coordinate, The
reason for using the above parameters is that the degree of ionization (average or maximum) irrespective
of the type and amount of overall
 n densitiesn̄has values
e
e
between 0 and up to 1 while
>
. The reN max
N
duced mobility of electron N µe , is independent of the
density of the environment and depend only on the

where
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composition of the medium [2]. After all, the above
equations depict the average of the electrical conductivity of the positive column of the glow discharge
can be specified based on the small-scale properties
(electron-ion temperature and ionization rates and
maximum degree of ionization of the medium) and
the large scale (geometric dimensions of the chamber and particle density i.e., similarity variable). So,
by measuring the electric field intensity and current
density of the positive column of the glow discharge
and having a specified similarity variable the electron
temperature will be simply estimated.

4. Conclusion
By including in the complementary process, metastable excited states ionization, in the diffusionrecombination dominated glow discharge in a single
component gaseous, or metal vapor, media an improved system of the nonlinear time-independent continuity equation of the electron and ions (positive and
negative) have been obtained. It has been shown that
by proposing some physical estimation, a nonlinear
partial differential equation of the charged particle
density was obtained. By simplification of the obtained equation in the Cylindrical (polar) and the
Cartesian (rectangular) system of coordinates, the
corresponding nonlinear ordinary equations have been
derived. Then by using a series based solution, the
innovative non-linear recursion equations have been
obtained for establishing the coefficients of the series.
By imposing two physical conditions, namely the
maximum charge density on the symmetry axis, or
plane, and removing of free charge at the discharge
tank boundaries, the glow discharge characteristic
equation is obtained, expressing the dependence of
electron characteristic energy on the similarity variable and free charge density variable. Adaptation of
the results to the familiar situation, when the model
is close to the simple ambipolar diffusion dominated
regime in both coordinate systems, can be considered
as a test for the accuracy of the introduced physicalmathematical model. Despite the limitation for maximum acceptable recombination in the positive column
of a self-sustained glow discharge, the relations can be
considered as a new physical-mathematical equation
in the subject of electrical gas discharge.
In the last part, the average plasma conductivity
of the positive column of the glow discharge has been
defined according to the electron temperature, and
similarity variable. It has been insisted that this
equation provide a simple method for estimating the
electron temperature by measuring the electric field
intensity and current density of the positive column.
Unfortunately, no other theoretical research results
or unique experimental reference were found for comparison which would shows the nonlinear nature of
the relation of the kTe and similarity variable of the
glow discharge in the CO2 laser.
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Extending the introduced nonlinear model to the
glow discharge in the mixture of atomic and molecular
gases is left for the next step.
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