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Abstract. This study investigates the reliability of electron temperature calculations for plasmas
using line intensities, specifically through the Boltzmann plot method. Simulated spectra of a copper
plasma reveal that while using line intensities may be sufficient under certain conditions, significant
deviations arise under high-pressure and low-temperature scenarios. Our findings emphasize the need
for caution, as inaccuracies can occur when the optical depth reaches a relevant magnitude.
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1. Introduction

The determination of plasma temperature through
atomic lines from an measured spectrum has long
been a valuable technique in plasma physics. This
method allows researchers to infer temperature from
the spectral characteristics of emitted light, providing
critical insights into the properties of various plasma
states. Two primary approaches are commonly em-
ployed: the single-line analysis, which necessitates
absolute calibration, and the Boltzmann plot method,
where relative calibration suffices by utilizing the ra-
tios of lines corresponding to different energy levels.
Despite the differences in their calibration require-
ments, both methods hinge on the accurate knowledge
of the emission coefficient, which must be derived from
the measured line intensities.

Recent advancements have seen the increasing
prevalence of fiber-based compact spectrometers in ex-
perimental setups, highlighting a trend towards more
portable and user-friendly instrumentation. However,
it is noteworthy that temperature calculations derived
from these spectroscopic measurements frequently do
not employ the emission coefficient €; instead, they
rely on directly measured line intensities from the
spectral radiation density L. For optically thin plas-
mas, the approximation (L ~ €) may yield sufficient
results. Nonetheless, prior studies have not conclu-
sively addressed the parameter ranges over which
this simplification is valid and where the temperature
calculations may be falsified by using line intensity
instead of the emission coefficient.

This paper focuses on plasmas in local thermody-
namic equilibrium (LTE) and aims to investigate the
reliability of the Boltzmann plot method, concentrat-
ing on the parameter ranges where the simplifica-
tion of the temperature calculation can be sufficiently
deemed while identifying the physical parameters that
influence its applicability. Diverse effects, such as
non-local thermodynamic equilibrium (non-LTE) and
non-thermal ionization, can significantly distort tem-
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perature calculations. However, these factors will
not be examined in this manuscript to investigate
its distortion effect for plasmas in equilibrium. In
this paper, spectroscopic data will be simulated with
known temperature and density (or pressure) con-
ditions. Subsequently, these simulated spectra will
be analyzed using line intensities and the Boltzmann
plot method, and the calculated temperatures will be
compared to the actual temperatures to assess the
accuracy and reliability of this approach.

2. Theoretical background

For this purpose, the atomic data for the relevant
transitions of the involved elements were taken from
the atomic data bases from NIST [1] and Kurucz/Bell
[2]. A detailed description of the radiation transport
can be found in [3], whereas a brief introduction to
the calculation of emission and radiation density is
further presented in this chapter.

2.1. Description of radiation transport

The partition function Z according to the Planck-
Larkin relation [4], as an element-specific weighting
factor, depends on the ionization energy E; of the
respective element and on the electron temperature 7T,
of the plasma. All possible transitions of the element
are summed up using the respective upper level energy
FE. and the respective statistical weights gg:

eoEk
Z(1) = Y gi-oxp (— kBTe) 1)
k
effects of scattering

o (L5 (0B )

effects of thermodynamic potential.

In the next step, the particle density of the ions
n; depending on the density of the previous ioniza-
tion level n;_; can be calculated by solving the Saha
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equation for each species [3]. The required thermal or
de-Broglie wavelength can be calculated as in equation
3. From that, the plasma composition (e electrons, 4
ions, n neutrals and ¢ all particles) can be calculated:
Nei 7.z, 1
n,  Zn A

— eoE; 2
de Broglie exp ( k?BTe) ( )

h2
\/ 2mmekpTe * (3)

where the partition function of the electrons is Z, = 2
and the total particle density n; = n,, + n; is given
by the plasma pressure (n ~ p/T).

In the next step, the emission and absorption coef-
ficients for a plasma in LTE is calculated. While the
associated radiation transfer equations can be found
in [3] in more detail, the most important equations
are summarized in the following.

The emission coefficients € of the atomic and, if
needed, of the ionic lines were calculated using the
transition probability A,; between upper and lower
energy level, the emitted wavelength A and the particle
density at the upper energy level n,,, which depends
on the electron temperature T, and the total particle
density of the corresponding species ny:

>\de Broglie =
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It should be noted that the atomic data from various
databases naturally also have inaccuracies (e.g., NIST
+ 12% for A,;), which influence the accuracy of the
temperature calculation. However, since these values
are used for both the simulation and the analysis
of the spectrum, this should not affect the following
results, which are intended to show basic behavior in
temperature calculation using the line intensities.

From this, the dependence of the absorption co-
efficient x on the emission coefficient (e.g. [5]) and
its ratio to the black body radiation B can be used.
Further, the line broadening A\ will be taken into
account, to calculate the absorption coefficient in the
line center. This can be determined for each individual
line in the spectrum:

KL = 2/7:73 . (6)
()‘k’ Te)

Finally, the spectrum can be calculated by inte-
grating over the line of sight using the emission and
absorption coefficients of all involved transitions or
lines and solving the differential radiation transport
equation:

dL (z,y) = (e (r) — & (r) L (2,y)) dy. (7)

For optically thin plasmas, it can be assumed that
the absorption coefficient k < 1 is negligible. The
spatially resolved emission coeflicient € can then be de-
termined from the spectral radiation density L using

Inverse Abel transform

L(x)~ j e(r)dy

Lines of sight

Abel transform

Figure 1. Sketch of the principle of Abel transformation.

a spatially resolved optical emission spectroscopy mea-
surement and subsequent inverse Abel transformation.
This exploits the fact that the spectral radiation den-
sity depends on the emission coefficient integrated over
the line of sight, as stated in equation 7 and sketched
in figure 1. Following, the electron temperature can
be calculated using equation 4 and 5 or respectively
the dependence between emission coefficient € and
particle density nj and electron temperature T:

e €o coh nk)
In = ———FE,+In{——=—. (8
(guAul> kBTe ( 47 Zk ( )

However, in some spectroscopic methods, e.g. fiber-
based measurements, the plasma is not imaged onto
the detector but is integrated and collected over a
certain solid angle, as sketched in figure 2. Without
the knowledge of the spatial profile, it is not possible
to determine the emission coefficient from the spectral
radiation density using inverse Abel transformation.
Therefore, in such cases, L ~ € is usually assumed for
optically thin plasmas and the line intensity is used for
further calculations, such as for electron temperature
calculation using the Boltzmann plot method.

However, this approximation may become inade-
quate if the plasma has a non-homogeneous profile in
density or temperature and thus a spatial profile in
the emission coefficient or if the absorption coefficient
can no longer be neglected.
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Figure 2. Sketch of difference between spatially resolved
and fiber-based optical emission spectroscopy.
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2.2. Boltzmann plot method

The evaluation methods described so far all require
absolute calibration. This means that the emission of a
calibration lamp with known spectral radiation density
is measured with the spectroscopic setup in order to
assign a spectral radiance density to the detector’s
signal strength. The Boltzmann plot method has
the advantage, that the ratios of line intensities are
used and thus a relative calibration is sufficient. In
this case, calibration using a lamp is not necessary as
long as the transmittance/reflectivity of the optical
components and the spectral sensitivity of the detector
are known. Often, the detector’s sensitivity changes
little over a certain spectral range, making lines with
narrow wavelength difference particularly suitable for
temperature calculation using this method.

For this, spectral lines with different energy levels
of an element are used and the linear dependence
between the left side of equation 8, which depends
on the emission coefficient, and the energy of the
upper level of the corresponding level transition is
exploited. A frequently used variant is the so-called
two-line method, in which equation 8 is defined for two
different lines and then subtracted from each other
and thus the density dependence is eliminated giving
the equation 9 :

. | ( €11 gu,QAul,2> kg

— = In .9

T Ju1Au,l €A e0cAE,
This allows the electron temperature to be calculated
from the ratio of the emission coefficients €, of two
lines (i) of the same particle species. However, as
already mentioned, no information about € is available
in fiber-based spectral measurements, but only about
the spectral radiance L. Since a linear relationship is
a sufficient approximation for optically thin plasmas,
the spectral radiation density L can also be used in
the Boltzmann plot method. The extent to which this
approximation affects the accuracy of the temperature
calculation has not yet been reliably tested and will
therefore be further investigated below.

3. Results and discussion

To investigate the accuracy of temperature calculation
using line intensities instead of the actual emission
coefficients for the Boltzmann plot method, a spec-
trum was first simulated using a code based on the
radiation transport equations in LTE plasmas, as pre-
viously shown in [6]. A copper plasma was assumed
for further calculations, since it has atomic lines with
different energy levels in a small wavelength range
that are very suitable for temperature calculation.
Furthermore, as a first approximation, it was as-
sumed that the plasma is spatially homogeneous in
temperature and density or pressure. This assumption
is supported on the fact that the use of line intensity
instead of emission coefficient determination is usually
coupled with fiber-based spectroscopic measurements,
which do not provide spatially solved information.

48

Toulput/Tinput

1.6

5,000 10,000

15,000
(K]

20,000
T
input

Figure 3. Ratio between the calculated electron temper-
ature Tour using the Boltzmann plot method and the
input electron temperature Tinpur as indication for the
accuracy of the method. The line integrated intensities
L; of simulated spectra were used as an approrimation
to the emission coefficients €;. The simulation has the
following boundary conditions: pure copper plasma,
line width is 1075 nm < AX < 1nm and LTE is re-
quired. Parameters: plasma diameter of d = 0.2 mm,
atomic lines at 510.6 nm and 521.8 nm, atomic data
from [1, 7-9].

3.1. Calculating the output temperature using
line intensities

Further, the reliability of using the line intensity in-
stead of the emission coeflicient was investigated. For
this purpose, simulated spectra with different known
electron temperatures and plasma pressures were eval-
uated using the Boltzmann plot method, or more
precisely the two-line method, and shown in figure 3.

It can be observed that the calculated value of
electron temperature deviates increasingly from the
actual electron temperature at high pressures and low
temperatures, giving always an overestimated temper-
ature value. This indicates that the line intensities
in these range are no longer linearly related to the
emission coefficients. The most likely reason is that
the absorption coefficient x; that is no longer negligi-
bly small. This changes the ratio of the line intensity
of different lines because their absorption coefficients
differ. Therefore, the dependence of the accuracy of
the Boltzmann plot method on various parameters
related to the absorption coefficient is investigated in
the following section.

3.2. Parameter dependence of the accuracy of
the temperature calculation

When the emission coefficient reaches the order of mag-
nitude of the spectral radiation density by Planck’s
law, absorption becomes significant (see formula 6).
However, the actual emission is distributed over a
spectral line profile, where a broader profile results in
lower emission at its peak, while a narrower profile
leads to higher peak emission, given that the total
emission remains constant in both cases, as sketched in
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Figure 5. Optical depth T, i.e. absorption coefficient
(see formula 6) integrated over the line of sight, in
the line center of two atomic lines of a 1 mbar copper
plasma, which are used for the electron temperature
calculation using the Boltzmann plot method. Parame-
ters: plasma diameter of d = 0.2 mm, atomic lines at
510.6 nm and 521.8 nm, atomic data from [1, 7-9].

figure 4. Unfortunately, information about the actual
line broadening of a spectral line is often not available,
since the apparatus profile often dominates. Even if
the line broadening due to the apparatus profile makes
it seem that the measured spectral radiation density
is significantly smaller than the value given by Planck’
law, this may not actually be the case with the actual
plasma-related line broadening (e.g. Stark width),
which can be many orders of magnitude smaller (as

indicated in figure 4).
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Figure 6. a) emission coefficient, b) line width (full-
width-half-mazimum) and c) optical depth in the line
center. All for the atomic line at 521.8 nm from a
copper plasma. Simulated assuming an homogeneous
plasma with electron temperature T. and plasma pres-
sure p as input parameters. Parameters: plasma diam-
eter of 0.2 mm, atomic lines at 510.6 nm and 521.8 nm,
atomic data from [1, 7-9].
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As can be seen in figure 5, the optical depth in the
line center at 510.8 nm is significantly above 1, espe-
cially for low temperatures, which means that there is
a non-negligible absorption. This is also indicated by
the fact that an underestimation of the corresponding
emission coefficient in combination with the low energy
level leads to an increase in the calculated electron
temperature, as can be seen in figure 3. Therefore,
this line is used in the following to investigate the
dependencies.

First of all, it must be said that coefficients without
profile (such as the emission coefficient) and values
with spectral profile (such as optical depth) must be
clearly distinguished. As can be seen in figure 6a,
there is no directly recognizable dependence between
the emission coefficient and the deviation of the elec-
tron temperature calculation. There is a recognizable
trend for higher pressures, where also higher emission
coefficients occurs , lead to a larger deviation in the
temperature calculation. However, the temperature
dependence does not show a comparable trend. For
the line width, which is an indicator of the distribu-
tion of the emission over a spectral profile and thus
the behavior in the line center, the trend is exactly
the opposite as shown in figure 6b. Low temperatures
lead to smaller line broadening (here dominant Stark
broadening) and thus to a higher radiation density and
absorption in the line center. However, no comparable
effect is evident for high plasma pressures.

The deviation of the calculated electron tempera-
ture from the actual temperature therefore depends
neither only on the emission or absorption coefficient,
nor only on the line width. However, the behavior of
the optical depth in the line center, which is defined by
the absorption coefficient, line broadening and plasma
size, corresponds very well with the behavior of the
deviation of the calculated temperature, as shown in
figure 6¢.

It is also interesting that an overestimation by the
Boltzmann plot method is quickly reached at low tem-
peratures due to a weaker line broadening and thus
a higher optical depth value in the line maximum,
comparable to figure 4. In contrast, for higher tem-
peratures the considered line broadening is stronger
and therefore leads to a decrease of the line maximum
value. This effect is much stronger than the increasing
due to higher emission coefficients in the investigated
ranges of electron temperature and particle density
or plasma pressure. That’s why, such an effect did
not occur for high temperatures and pressures in the
studied setting. As a result, the optical depth in the
line center does not increase equally and a limit value
exceed is only reached for electron temperatures below
a certain limit, which is below 10,000 K for copper.

In order to finally be able to make a statement
about the parameter range for a reliable temperature
calculation using line intensities with the Boltzmann
plot method, the optical depths in the respective line
center and the ratio of calculated and actual electron
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Figure 7. Ratio between calculated electron temperature
using the Boltzmann plot method and input electron
temperature of the spectra simulation in dependence
on the the highest optical depth of the atomic lines
involved for different elements. Parameters: plasma
diameter of 0.2mm. Copper: atomic lines at 510.6 nm
and 521.8nm, atomic data from [1, 7-9]. Potassium:
atomic lines at 693.9nm and 766.5nm, atomic data
from [1, 10]. Nitrogen: atomic lines at 493.5nm and
742.4 nm, atomic data from [1, 10, 11].

temperatures were determined for several elements.
As can be seen in figure 7, a limit of about 7 =~ 1 can
be observed.

The exact parameter ranges for which this is valid
are different for each element, since values such as
the transition probability of the transitions involved,
ionization energies, etc. play a role. However, in
general can be stated that temperature calculations
using line intensities instead of emission coefficients
for the Boltzmann plot method become increasingly
inaccurate at low electron temperatures.

4. Conclusions

This study highlights the challenges associated with
using line intensities instead of actual emission coeffi-
cients for electron temperature determination for via
the Boltzmann plot method. Our simulations of a
copper plasma demonstrated that significant overes-
timation of the electron temperatures occur, particu-
larly at low plasma temperatures and high pressures,
where the optical depth becomes non-negligible. The
results indicate that the assumption L ~ e fails when
the optical depth reaches a magnitude of 1, leading
to inaccuracies in temperature calculations.

It is important to note that measured spectra do not
always clearly reveal whether the conditions for accu-
rate temperature determination are met. For instance,
additional line broadening caused by instrumental ef-
fects can lead to an underestimation of the optical
depth, resulting in an inaccurate assessment of the
temperature calculation’s reliability. This emphasizes
the need for caution when interpreting spectroscopic
data. Nevertheless, a finding of this investigation is
that lower temperatures are associated with increasing



vol. 12 no. 1/2025

Line intensities for Boltzmann plot method

deviations in the temperature determination.

These results emphasize the importance of under-
standing the conditions under which the approxima-
tion L ~ € holds true. Accurate electron temperature
diagnostics are critical for various plasma applications,
and our research identifies key parameter ranges that
researchers should consider to ensure reliable results.
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