
doi:10.14311/ppt.2025.2.170
Plasma Physics and Technology 12(2):170–175, 2025 © Department of Physics, FEE CTU in Prague, 2025

MODELLING THE HEATING AND EROSION OF A NON-REFRACTORY
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Abstract. In this work, we study the heating of a hollow cylindrical copper electrode subjected to
a rotating arc root modeled by a moving heat flux profile. The problem is solved analytically using
a two time scale analysis. In accordance with previous literature works, it is shown that, whenever
using reasonable values for the heat flux below the arc root, the fusion temperature of the material is
not reached. We explain the experimentally evidenced erosion by the existence within the arc root, at
smaller length scales, of cathode microspots. The cathode spot model presented in this paper gives
orders of magnitude for the erosion rate in agreement with experiments.
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1. Introduction
Hollow cathode plasma torches have many applica-
tions in waste treatment or for simulating atmospheric
re-entry conditions [1]. The peculiarity of these
torches is the geometry of the cathode, which is
the whole internal surface of a hollow cylinder, and
that of the injection chamber, designed to generate
a vortex flow. Around the cathode cylinder, a coil
generates a (mostly axial) external magnetic field
to rotate the arc root. The competition between
the gasdynamic "forces" (mostly from the vortex
flow) and magnetic forces acting on the arc results
in a permanent regime in which the arc root rotates
approximately in a plane at constant angular velocity
(see Fig 1). We refer to works [2, 3] for a more
detailed analysis of the arc behavior in this kind of
plasma torch.

The arc root rotation is necessary to limit the
exposure time of the cathode to the arc, and
spread the erosion over a wider area to increase
the technology’s lifetime. The cathode is also
cooled down on its external face by a water cir-
culation to lower its temperature. Despite these
precautions, the copper cathode erosion is still a
strong limitation to the use of this technology. It is
therefore important to better understand this ero-
sion to be able to predict it, and if possible, to lower it.

In the important experimental work [4], it was
shown that the mechanism of erosion is "simply" the
fusion and vaporization of the cathode material. Pre-
vious literature works [5–7] have therefore attempted
to evaluate the temperature field in the material to
confirm this mechanism from a theoretical point of
view. In these works, the cathode heating is typi-
cally represented by heat flux profiles derived from
experiments such as [8, 9]. Unfortunately, all these
works have concluded that the maximal temperature

reached on the cathode surface may remain below the
fusion point while erosion is still observed experimen-
tally. An explanation often proposed in the literature
[6, 10, 11] is that the real arc root is made up of
several very hot cathode (micro-)spots, in which the
erosion occurs, and whose behavior is typically aver-
aged out in experiments. Therefore, these cathode
spots should somehow be included in the model to
test this hypothesis, which is the main goal of this
paper.

As a first step, the temperature field resulting from
the magnetically displaced arc root is obtained, using
"macroscopic" heat flux profiles (i.e. with cathode
spots averaged out) derived from experiments made
on an analogous system [8]. In the light of previous
works [5–7], it is to be expected that fusion temper-
ature may not be reached. Restricting ourselves to
this problematic case, a purely analytical approach
to the calculation of the macroscopic temperature
field will be presented. This approach takes advan-
tage of a strong ordering between the fast arc root
rotation and the slow arc root streak cooling. Lo-
calized heating below the arc root is represented in
an manner similar to [12]. Cathode spots will then
be superposed to this macroscopic temperature field.
They will be treated by a non-linear surface heating
model involving a plasma layer close to the cathode
[13]. This model was originally developed for vacuum
arcs, so, its application to atmospheric pressure will
be discussed.

The outline of the paper is as follows. In Section 2,
the cathode heating model is presented, first from a
macroscopic point of view, and then with account of
cathode spots. Numerical results are presented and
discussed in Section 3 and our main conclusions are
summarized in Section 4.
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Figure 1. Working principle of hollow cathode plasma torches, with current I and external magnetic field B.
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Figure 2. Sketch of the arc root trajectory

2. Theoretical model
2.1. Description of the heating problem
The hollow cathode heating problem under considera-
tion is similar to that described in [5–7, 12]. It may
be briefly presented as follows. The hollow cathode
is modelled by a hollow cylinder of internal radius
Rint, external radius Rext, (its thickness is therefore
e = Rext − Rint) and height H. The system is natu-
rally described in cylindrical coordinates (r, θ, z) (see
Fig. 2).

In this geometry, we shall solve the unsteady heat
conduction equation for temperature T , assuming
uniform thermal conductivity κ, specific heat cp and
mass density ρm :

∂T

∂t
= D∆T, D = κ

ρmcp
, (1)

where D is the diffusivity of the material. The internal
face is subject to the following boundary condition :

−κ
∂T

∂r
(Rint, θ, z, t) = qPA(d(θ, z, t)), (2)

where :

d(θ, z, t) =
√

(z − zarc)2 + R2
int(θ − ωt)2,

qPA(d) = qmax exp
(

−d2

r2
s

)
,

(3)

where ω, qmax, and rs are given parameters. This
boundary condition describes the heating of the inter-
nal surface by a gaussian distributed arc root, whose
center moves on a circle at z = zarc and at constant
angular velocity ω. This trajectory is schematically
represented in Figure 2.

Note that rs may be interpreted as the arc root
radius, since the total power of the source is the same
as if the heat flux had the value qmax in the disc of
radius rs, as shown by the following calculation :

Pdep = 2π

∫ ∞

0
qPA(r)rdr = qmaxπr2

s . (4)

The external cylindrical surface is cooled down ac-
cording to Newton’s law of conducto-convection :

−κ
∂T

∂r
(Rext, θ, z, t) = hC(T (Rext, θ, z, t) − Tfl), (5)

where hC (heat transfer coefficient) and Tfl (fluid
temperature far from the thermal boundary layer) are
given parameters.

Of course, this model does not describe some phe-
nomena which may be of importance, such as phase
changes or surface radiation losses. Therefore, the con-
sistency of results with the model hypotheses should
be verified in the end.

171



A. Monnoyer, P. Freton, J-J. Gonzalez Plasma Physics and Technology

2.2. Time scales of the problem
Using dimensional analysis, numerous time scales may
be derived from parameters introduced in the model.
Estimating these time scales may reveal strong order-
ings which would help simplifying the problem. The
most relevant time scales and their typical numerical
values are presented in Table 1.

To obtain numerical estimates, we have used the
following values of parameters : κ = 401 W/(m·K),
cp = 385 J/(kg·K), ρm = 8960 kg/m3 (typical for a
copper cathode), rs = 0.2 mm (deduced from experi-
ments [8]), e = 1 cm, and hC = 30 kW/(m2·K) (typical
value of the heat transfer coefficient imposed by the
water cooling circuit). The rotation period tarc and
exposure time are calculated for varc = 100 m/s and
Rint = 1.6 cm which again, are typical values (see
e.g. [3, 5]). The values reported in Table 1 reveal the
following strong orderings :

δt ≪ t0 ≪ tarc ≪ tdiff ∼ tcool ≪ top. (6)

These results indicate that the temperature field in
the cathode will result from various heat conduction
phenomena happening at different time scales. For
example, while working at very long time scales top, it
is legitimate to consider that the inner cathode surface
receives the average heat flux profile :

⟨qPA⟩(z) = qmaxrs

2
√

πRint
exp

(
− (z − zarc)2

r2
s

)
, (7)

which does not depend on θ. The solution to this
averaged problem will give us an average temperature
field ⟨T ⟩ which corresponds to the average tempera-
ture in the arc root streak. It is nevertheless necessary
to estimate the temperature increment δT just below
the arc root since a significant localized heating exists
at that place. For that purpose, we shall consider that
any phenomenon happening at time scales slower than
t0 are frozen, which can be seen as an adiabatic ap-
proximation. With these hypotheses, the problem of
evaluating δT may be reduced to the already worked
out problem of a gaussian flux profile heating a semi-
infinite bulk while moving at constant velocity at its
surface.

2.3. Averaged solution
To derive the average solution, it is convenient to re-
place the Gaussian heat flux profile (7) by a Lorentzian
profile with the same characteristics :

qL(z) = PlindS

d2
S + (z − zarc)2 ,

Plin = qmaxr2
s

Rint
, dS = 2

√
πrs.

(8)

Geometrically, this amounts to replacing condition (7)
by a "heating wire" with power per unit length Plin

Plin

z

H•
zarc

•0

Rint

e

dS

Figure 3. Representation of averaged heating by a line
power source

at distance dS from the inner surface, as illustrated
in Fig 3.

Moreover, if we consider the case of a thin elec-
trode, that is e ≪ Rint, then we may approximate the
isothermal surfaces by toric surfaces. In this case, the
heat flux inside the cathode may be written :

q = Plinρ

2πρ2 , ρ = (z − zarc)ez + Ker, (9)

where K = r − Rint + dS . The relation ∇.q = 0 is
easily verified in the limit e ≪ Rint, in which case we
have K ≪ r. Integrating this equation using Fourier’s
law, as well as the boundary conditions, we obtain
the averaged temperature field :

⟨T ⟩ = Tfl + Plin

2π(dS + e)hC
+ Plin

2πκ
ln

(
dS + e

ρ

)
, (10)

which may be evaluated at ρ = dS (i.e. r = Rint and
z = zarc) to obtain the maximal value of ⟨T ⟩.

2.4. Solution below the arc root
Let us now assume that the average field ⟨T ⟩ obtained
in the Sec. 2.3 is established. We shall now derive
the temperature field just below the moving arc root.
The penetration depth of the temperature field

√
Dδt

is much smaller than the cathode thickness, and the
arc root radius rs is much smaller than the cathode
inner radius Rint. We may therefore represent heat
conduction below the arc root by that of a gaussian
spot moving at constant velocity v = Rintω on the
cathode surface, considered as a cartesian semi-infinite
medium. The solution to this problem has already
been worked out (see e.g. [14], p 73 or [12]) and may
be written :
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Time scale Notation and definition Typical value
Long conduction time tdiff = e2/D 0.86 s
Short conduction time t0 = r2

s/4D 88 µs
Cooling time tcool = ρmcpe/hC 1.15 s
Arc root rotation period tarc = 2πRint/varc 1 ms
Exposure time δt = 2rs/varc 4 µs
Operation time top 1 h

Table 1. Time scales of the heat conduction problem

T (x, y, z, t) = T0 + 2Pdep

(4πD)3/2ρmcp

∫ t

0

dt′
√

t′(t0 + t′)

exp
(

− z2

4Dt′ − x2 + y2

4D(t0 + t′)

− vx

2D

t − t′

t′ + t0
− v2

4D

(t − t′)2

t′ + t0

)
.

(11)

This integral may easily be calculated numerically (see
Section 3.1).

2.5. Account of cathode microspots
In this work, the cathode spots were modelled using
a non-linear surface heating approach imposed by
the physics of a near-cathode plasma layer (NCPL).
This approach was mainly developed for refractory
cathodes working in a high-pressure (i.e. ≥ 1 bar)
plasma, a typical example being the argon-tungsten
system (see e.g. review [15] and references therein).
This approach was also developed for non-refractory
cathodes in the case of the so-called "vacuum" arc,
particularly in works [13, 16]. It seems reasonable
to apply these last works to our case, adopting the
following hypotheses :

□ The atmospheric pressure is assumed to play a mi-
nor role on the cathode spot structure and prop-
erties : this hypothesis is reasonable since vapor
pressures generated by the spot is highly above
atmospheric.

□ The spots are treated as quasi-stationary, the under-
lying assumption being that their lifetime is much
larger than their ignition time.

We have thus independently re-developed the NCPL
model for vacuum arcs [13]. The most important re-
sults delivered by this model are the electrical, thermal,
and erosion characteristics of the cathode layer, which
give the current density j, the heat flux density q, and
the mass flux density g as functions of a given sheath
voltage U and the local temperature Tw, and we shall
denote them by j(Tw, U), q(Tw, U), and g(Tw, U).

The characteristics of a single spot are then obtained
employing an approach similar to that described in
[17]. A cathode spot within the arc root is then mod-
elled by a disc of radius rs, in which the temperature
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Figure 4. Summary of the structures considered and
associated time and length scales

Ts is uniform, at the surface of a semi-infinite mate-
rial with a background temperature T0 < Ts. The
originality of our approach resids in the choice of this
temperature as T0 = ⟨T ⟩ + δT . In other words, we
superpose the spots on the more macroscopic arc root,
as illustrated in Fig 4.

The temperature Ts may be arbitrarily given as
corresponding to the maximal heat flux q(T, U) for
a given U , as was done in [17]. The spot radius rs

is then determined by an equation of integral heat
balance, i.e. :

q(Ts, U)πr2
s = 4rs

∫ Ts

T0

κ(T )dT,

=⇒ rs = 4
πq(Ts, U)

∫ Ts

T0

κ(T )dT.

(12)

Note that our approach of evaluating rs is differ-
ent from that employed in [17]. Once rs and Ts

have been determined (or chosen), we may then ob-
tain the characteristics of a single spot for a given
voltage drop U and in particular, the current per
spot Is = j(Ts, U)πr2

s and the erosion rate per spot
G = g(Ts, U)πr2

s . Knowing the total current I, we
may evaluate the number of spots as Ns = I/Is. Al-
ternatively, we may obtain the voltage drop U for a
given number of spots Ns, which ensures this number
will always be an integer.

3. Results and discussion
3.1. Results of the heating model
The average temperature ⟨T ⟩ in the arc root streak is
readily evaluated from Eq 10. Using typical parame-
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Figure 5. Temperature increment below the moving
arc root.

ters discussed above, as well as Tfl = 300 K, we find
⟨T ⟩ = 362K. This value is far below the fusion point
of copper (1350 K), which should not surprise since
localized heating below the arc root is not yet consid-
ered. This value is also consistent with the hypotheses
of the model described in Sec 2.1.

For a numerical calculation of integral 11, it is
easier to express the solution in the reference frame
defined by x′ = x − v(t + t0). Since we are working
at time scales much larger than t0, we may set for
definiteness t = 10t0 and calculate the integral by the
trapezoidal rule. The change of variable t′ = u2 was
also performed to remove the (apparent) singularity
at the origin of time. The temperature field on the
cathode surface along direction x (i.e. T (x, 0, 0, 10t0))
is represented in Figure 5, in the reference frame of
the moving spot. The maximal value corresponds to
the sought increment δT and is equal to 498 K.

The temperature below the arc root is evaluated
by summing contributions ⟨T ⟩ and δT , which gives a
result of 860 K. This temperature is still significantly
below the fusion point of the copper material. This
result is in contradiction with experiments : it is
well known that copper cathodes of plasma torches
undergo a significant erosion due to melting and/or va-
porization of the electrode. This conclusion is similar
to that obtained in previous works [5–7].

3.2. Erosion rate according to the cathode
spot model

An example of j(Tw, U), q(Tw, U) and g(Tw, U) func-
tions is given in Fig. 6 for U = 20 V . We refer to
[13] for a detailed discussion of these functions. Here,
we only mention that the drop in mass flux density
at Tw ∼ 3900 K is due to an increase of ionization of
the vaporized atoms, which may therefore return to
the surface as ions due to the potential profile at the
vicinity of the cathode. This also explains why the
heat flux q increases at this temperature, since this
heating is mostly due to ionic bombardment.
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Figure 6. Heat and mass flux density imposed by the
cathode layer physics as a function of surface temper-
ature Tw. U = 20 V.
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Figure 7. Total current and erosion rate for a single
spot as a function of the sheath voltage. T0 = 860 K

Applying the cathode spot model described in Sec-
tion 2.5, we obtain the electrical and erosion charac-
teristics represented in Figure 7 for a single spot.

For example, if we choose U = 20 V and T0 =
860 K according to the macroscopic study, we obtain
a current per spot of Is = 9.7 A, and an erosion rate
per spot of Gs = 0.29 g/h. Since we work at I = 200 A,
the number of spots is approximately Ns = 21 and the
total erosion rate is G = NsGs = 6.1 g/h. This order
of magnitude is in good agreement with experimental
erosion rates for cathodes of plasma torches working
with such a current intensity, and with air as a plasma
gas. It may easily be proven that, within the scope of
the presented model, this global erosion rate does not
depend on the macroscopic arc root temperature T0.

4. Conclusions
This work presented a model which may be useful
for the prediction of temperature fields and erosion
rates in hollow cathode plasma torches. The model’s
applicability is in fact not limited to this particular sit-
uation : it may in principle be applied in any situation
where a moving arc root exists on a non-refractory
cathode. The model seems to give good orders of
magnitude for the erosion rate of copper cathodes
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working with an air plasma at current intensities of a
few hundred A. However, several important phenom-
ena were not considered here and the predictions of
the model may differ significantly from experimental
results in other situations. For example, while valid
for an air plasma the assumption of continuous arc
root displacement may be inadequate in some plasma
gases, as the nature of this movement (continuous
or by successive jumps) depends on the thickness of
the oxide layer (see [18]). However, further investiga-
tion on this point from the theoretical point of view
is beyond the scope of this paper. Other sources of
improvement include an account of Joule effect in the
material and the emission of droplets, which may give
a significant contribution to the total erosion.
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