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Analysis of Dynamic Circuits in MATLAB
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Abstract— The paper deals with the proposal for the
analysis of dynamic linear circuits in the MATLAB
environment. A very powerful tool for the analysis of the
circuitsisto transform the circuits directly into the complex
frequency domain using the Laplace transform and then
apply thecircuit analysis techniquesto solve them. Applying
above-mentioned methods together with the symbolic
computation of MATLAB, there is no difficulty in finding
the complete response of second and higher-order dynamic
circuits.
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l. INTRODUCTION

The circuit analysis is very important part of éeal
engineering education at the university level. Tiawkal
didactic methods and highly specialized softwarekpge
such as PSPICE that offers flexible approach touitir

Il. FINDING THE COMPLETE RESPONSE OB)YNAMIC
CIRCUIT IN COMPLEX FREQUENCYDOMAIN

A. The Laplace Transform and the Inverse Laplace
Transform

The solution of dynamic circuits in the complex
frequency domain proposes two procedures. The first
procedure consists of the following steps: the
representation of the dynamic circuit in the tin@main
by differential equations and using the Laplacedfarm
to transform the differential equations into algebr
equations. The second procedure involves the
representation of the dynamic circuit in the comple
frequency domain directly using the Laplace
transformation and then the circuit analysis, thushis
case it will be eliminated the need to write diéfetial
equations representing the circuit.

The Laplace transform for a time-domain function

analysis and design are nowadays usually used fOf’(t) (it is zero fort < 0) of a real variableis [1], [2]

teaching of the circuit analysis. PSPICE is veriptu
tool for the numerical circuit analysis, but it &gl to
students a considerable fact that a symbolic motidie
circuit is behind the numerical results.

Better way to teach students the circuit analysts use
software product that provides symbolic manipulagmd
can be used for symbolic circuit analysis, e.g. NIAB,
Maple, Mathematica, etc. Especially MATLAB
widespread software that is a very appropriatddts of

different university courses. The MATLAB environnten

is very user-friendly with powerful built-in routs that
enable to solve a very wide variety of computatidts
great advantage is the fact that the user hasongpend

time in learning the software but he can spend time

learning the principles of a given problem.
The analysis of dynamic circuits implies the pracef

finding the complete response of dynamic circuitat t

involves solving of first, second and higher-ordecuits

in the time domain or in the complex frequency dioma
using the Laplace transform. In the time domaire th

dynamic circuits are represented by the equatiorisrm
of differential equations, and in the complex freqcy
domain, the dynamic circuits are represented bgtaok
simultaneous algebraic equations, thus the ciematysis
techniques for resistive circuits can be used. Hewean

F(s) = ~{ (1)} :T f(yes'dt 1)
0

where s is a complex variable (meaning the complex
frequency,s=0+ jw), and F(s) is a complex frequency

IS function.

For every functionf (t) a unique functionF(s) exists.
This can be written as

f©)="{F(s} (2)
meaning thatf (t) is the inverse Laplace transform of the
complex frequency functioifr (s) and exists fot=0.

The inverse Laplace transform is defined by thegrsdl
[1], [2]
a+joo

j F(s) €'d s. A3)

g-joo

0=

the both cases the analysis of dynamic circuits is

sometimes a time-consuming activity. Finding the ) ) o
complete response of dynamic circuits in the compleB. Complex Frequency-Domain Representation of Circuit
frequency domain using MATLAB greatly reduces theElements

effort demanded to solve the set of algebraic éopst The complex frequency-domains-domain) repre-
and to take the inverse Laplace transform madeaylh sentation of circuit elements is obtained usinglthplace
thus there is no difficulty in solving dynamic aiits. transform of their voltage-current relationships.
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The voltage-current relationship for a linear resis the dynamic circuit with its initial conditions @btained,

having resistanc® in thes-domain [1], [2] is and the circuit analysis techniques to solve thkages
and/or currents can be used.
U(s)=RI(9 (4) Usually two systematic circuit analysis techniqaes

: 0 used: the mesh analysis and the node analysisyiagpl
where U (s) 'S_ the Laplacg transform of voltage(t) one of these methods to the circuit, a set of neesiode
across the resistor, anids) is the Laplace transform of equations is constituted by inspection. The meshooie

current through the resistor. equations form a square system (the number of wmkno
The voltage-current relationship for a linear induc is equal to the number of equations) of simultaseou
having inductance. in thes-domain [1], [2] is algebraic equations containing the complex frequesic
thus it can be expressed in a matrix-vector form
U(s)=sLI(9~- L(0) (5)
A(s)x(9=b(9 (8)

where U(s) is the Laplace transform of voltage(t) _ o _ _ )
across the inductor] (s) is the Laplace transform of Where A(s) is the coefficient matrixx(s) is a single
current through the inductor ani(0) is the initial column vector of unknowns (the mesh currents orenod
condition voltages), andb(s) is the single right-hand side column

. . : . vector.
The equation (5) is used to represent the linedudtor ectol ina th ¢ .
in the sdomain as the series connection of two circuit S0IVing the set of equations (8)
elements that corresponds to the sum of the vdtage

the right-hand side of (5). x(s)=A7(9b(9 ©9)
The voltage-current relationship for a linear c#oac the mesh currents or node voltages, describedragjceof

having capacitanc€ in thes-domain [1], [2] is polynomials in the complex variabdeare obtained.

1 u(0) If the mesh analysis is applied to the circuit, the

U(s)=—I(9)+—~ (6) sdomain element currents(s) are found as linear

sC S combination of the-domain mesh currents(s)
where U(s) is the Laplace transform of voltage(t) .
across the capacitorl(s) is the Laplace transform of i(s)=K¢x(9 (10)
current through the capacitor ang(0) is the initial \\ere K, is a matrix containing elements 0, +1, and
condition.

-1

The equation (6) is used to represent the lingaaaitor
in the s-domain as the series connection of two circuity,
elements that corresponds to the sum of the vdtage
the right-hand side of (6).

The voltage-current relationship for the coupled
inductors having self-inductance$,,L, and mutual

inductanceM in thes-domain [1], [2] is

The s-domain element voltages can be expressed using
e Laplace transform of element voltage-current
relationships.

If the node analysis is applied to the circuit, the
s-domain element voltagesi(s) are found as linear

combination of the-domain node voltages

Uy(9)]_[ sl +sM][ (3] [ L = M| i0) u(s) =K, x(s (11)

Ux(9)] [£sM sl || b(3] [+ M L || KO) (") where K, is a matrix containing elements 0, +1, and
1

where U, (s),U,(9) is the Laplace transform of voltages The s-domain element currents can be expressed using
u(t),uy(t) across the inductorslL;,L, respectively, the Laplacetransform of the element voltage-current

[,(s),1,(s) is the Laplace transform of currents throughrelationship.

. . . To get the complete response of the dynamic ciiouit
the inductorsly, L, respectively, and,(0)i,(0) are the 0 ime domain, it is necessary to take the irevers

initial conditions. Laplace transform of the obtainesidomain element
Independent voltage and current sources are repegse voltages and currents.

by the Laplace transform of their voltages and enis.

The dependent voltage and current sources areseayiesl

by the Laplace transform of their controlled vottagand [ll. EXAMPLES OFCIRCUIT ANALYSIS USING THELAPLACE

currents, and controlling voltages and currents. TRANSFORM IN MATLAB

The ideal operational amplifier operates in the sam Most of the steps for finding the complete respafse
way in thes-domain as it does in the time domain, thus thelynamic circuit given above can be easily execusgdg
Laplace transform of its operating conditions iplegal in  the MATLAB environment.
thes-domain. The following text contains two representative
N . . examples of the circuit analysis using the Laplace
C. Circuit Anal¥5|s Using the L.aplgce Transform _transform in MATLAB. The analytical results of the

After replacing all the circuit elements by their solution together with the analysis in MATLAB arttet
s-domain representation, tteedomain representation for graphical representation of the obtained resuéigyaen.
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A. Analysis of Second-Order Circuit for the Overdamped| ® &= »
Critically Damped and Underdamped Case ayme < ¢
ul = 12; uZ = 24;
for k =1 : 3
. . . . . if k == 1
The circuit shown in Fig. 1 is at steady state tefbe RL-10; 2 -2 L -2 O 14
switch is changed from position 1 to position 2tiate s bEase 7 Tovermdanped sase
t=0. R1 = 12; RZ = 4; L = 2; ¢ = 1/8;
textcase = 'critically damped case "}
Suppose thaty =12 V, andu, =24 V. Determine the e s e e
element currents and voltages tor O for three different testcase = Tunder-danped case
end;
sets of values ORi, RZ, L andC: iL0 = ul/ (R1#R2); uCO = iL0 * R2; % the initial conditions (Eq.12)
A = [Rl+s*L+1/ (s*C) -1/ (s*C); -1/ (s*C) R2+1/ (s*C1]; % coef. (Eq.8)
b = [u2/s - uCl/s + L*iL0 ; uCO/s]; % RHS column vector (Eq.E)
% = A\ b; 3 solving set of algebraic equations (Eq.9)
= = = = is = [=(1); ®(1) - =(2); ®(2)]; % branch currents (Eq.10)
a) Rﬂ- 1OQ’ R2 ZQ’ L=2 H’ C ]/4 F' us = [RL * d=(l); (=%L) * i=(l) - L * iL0;... & elzmeniqvoltages
b) R=12Q, R,=4Q,L=2H,C=18F, it = lortece (ials & iameres Tepiace LransTurm of meansh cutrente
) Ri 2 Q R2 8 Q L 1 H C ]/16 F ut = ilaplace(us); % inverse Laplace transform of element voltages
C = , = , = , = . end;

Fig. 2. The MATLAB program composed for analysiste circuit
shown in Fig. 1 using the Laplace transform.

The branch currents for the critically damped odse
1 values of element parameters given in b) expresstte

analytical form are shown in Fig. 3.
u2l<> Mll: C R,

= J: Command Window
File Edit Debug Desktop iwindow Help

FEEEE Currents in t-demain critically damped case ****=*

Fig. 1. Second-order circuit for the circuit arsadyusing the Laplace
transform in MATLAB — Example A. inte)=irl(t)=

3/2 + (3t - 3/4) exp(-4 t)

ic(ty =
Since the circuit, driven by the DC voltage sourag,

is supposed to be at steady state before the sugtch |

changed from position 1 to position 2, the initial [

conditions, the current(0) through inductor and the 312 + (- 3/4 - 3 ) ewpi-d ©)

voltage u(0) across capacitor, can be found to be:

6 t exp(-4 t)

Fig. 3. Thet-domain branch currents of the circuit shown in. Big

(=23, U=y, (12) | |
R+R R+ R MATLAB provides many functions to represent data
graphically, thus there is no problem to plot trdomain

. . o branch currents versus time (Fig. 4).
The s-domain representation of the circuit with the (Fig. 4)

initial conditions is solved using the mesh analysi

The mesh equations with unknowns (mesh currents) 18
1,(s),1,(s) can be written in a matrix-vector form: 15 i

14
/ iR2
12

critically damped case

R + 5|_+i,—_1 UZ_—U(O).;.Li(o) =0
SC SC Il - S (13) g.
1 1|1 u(0) N
-—, R2 +— 2 —_— 06
sC sC S

04
/ iC
0z

All the remaining computations for solving of the

circuit (with given parameters) were done by rugnihe % 05 1 15 2 25 3
MATLAB program (Fig. 2). The MATLAB program is a fime [<]

set of MATLAB built-in instructions that are savea

M-file with extension .m (a dot and suffix m). Fig. 4. Thet-domain currents of the circuit shown in Fig. 1swes time.
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The graphical representation of thelomain element  The time domain representation of the voltagg of
voltages versus time for the critically damped css#®  he circuit for timet>0 was determined in analytical

Fig. 5. form (Fig. 8).

" critically damped case % Example B

T — clear;cle;
uR1 syms = ©
u 1; R1 = 1le3; RZ = 200; C1 = 0.125e-3; C2 = 50e-6A;

A = [10 0; -s*Cl 1/R1+s*Cl -1/R1; 0 1/RZ s*C2],; % cosf. matriz (Eq.8)
b = [u/s; 0, 0]; % RHS column vector (Eq.8)

= 5= A\ b; % solving the set of algebraic equations [(Eq.%)
o 10 xt = ilaplace (x); % inverse laplace tranzsform
i; % output: u_out output voltage in t-domain
@ i ' '
= uR2, uC fl.orlntf( n')
< . disp(’u_out(t) = "), pretty(xti3)]
x \ fprintf (' n")
= disp{'u out(t) = '), pretty (vpa(xt(3),5))
fprintf(’ ‘n')

ul

Fig. 7. The MATLAB program composed for the citcamalysis

5 shown in Fig. 6 using the Laplace transform.
0 05 1 15 2 25 3

time [s]

= J: Command Window

Fig. 5. Thet-domain element voltages of the circuit shown ig. Bi Edit Debug Deskinn Window Help
versus time.
u_out (t) =
B. The Complete Response of Second-Order Circuit - 25/7 expi-4 t) =in(28 ©)

Containing Operational Amplifier

u_out(t) =

-3.5714 exp(-4. t) sin(28. t)

The circuit shown in Fig. 6 is at steady state tethe

input VOItageuin =1Vattimet=0 is applied. Find the Fig. 8. Thet-domain output voltage (analytical form) of thecdiit

output voltageu,(t) for t>0. shown in Fig. 6.
Suppose thatR =1 kQ, R, =200Q, C, =0.125 mF,
C, = 50F, and all the initial conditions are zero. In Fig. 9 the graphical representation of the \g#ta
Uy, Of the circuit and the input voltage for tinte> 0 is
— shown.
L1
R1 C

C 2 Input and output voltage of circuit containing OP amps
1 z 3 ! 3 !

o-"_ R> ©

Uout

!

Fig. 6. Second-order circuit for the circuit argdyusing the Laplace
transform in MATLAB — Example B.

+
o%l

U1y V]

Since all the initial conditions are assumed zdhe,
complete response of the circuit is the transieaponse
to the input unity step function applied at time 0. The

s-domain representation of the circuit is solvechgghe 3 i ' i
node analysis. iime £15]
The node equations with voltagék (s),U,(9), Up(9
can be written in a matrix-vector form Fig. 9. Thet-domain output voltage (graphical form) of the aitc
shown in Fig. 6.
! 0 0 U6y 35 IV. A GES OFPROPOSEDPROC ORANALYSIS
. ADVANTAGES OFPROPOSE EDURE FORANALYSI
-sG YR+sG -¥ R| U(¥=| 0| (19 OF DYNAMIC CIRCUITS
0 YR, SG L Y(9 0 Using MATLAB environment for analysis of dynamic

circuits has lots of advantages but the most dagmif

All remaining computations for analysis of the gitc ©Nes are the effort, time, and the analytical farithe
(with given parameters) were done by running thé’OIta?geS _and currents in the solved circuits.
MATLAB program (Fig. 7) for the circuit analysis Itis evident that the effort demanded to solvehstype
shown in Fig. 6 using the Laplace transform. of problems is greatly reduced because it is noesgary
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to solve the set of algebraic equations and to thke and the steps that will be a result of runningdbmposed
inverse Laplace transform. MATLAB program:

The elapsed time that represents the processing amd assigning the values to the parameters of givenitir
execution of the instructions in the composed MABLA ,  jefining the coefficient matrix and the right-haside
programs for given representative examples of troeit column vector
analysis takes very short time. For the MATLAB piag ) ' . .
of Example A (Fig. 2) the elapsed time is 0.45dosds, °* Solving the set of algebraic equations,
and for the MATLAB program of Example B the elapsede taking the inverse Laplace transform,

time is 0.359 seconds. The complete MATLAB program, printing the symbolic (analytic) expression of sbug

(all three cases with-domain and graphical outputs) of  ygjtages and/or currents in a format that resembles
Example A takes up 9.031 seconds only, and of El@mp  {ype-set mathematics,

B takes up 2.172 seconds. . lotting the graph of sought voltages and/or cusen
The last valuable advantage of MATLAB environment \F/)ersusgtime.g P g g

is the fact that the analytical form of the voltagend

; ; ; - .« There exists also a possibility to compose the
currents in thé-domain are available after circuit analysis
in contrast with some highly specialized softwareMATLAB program that can do all the steps for the
packages. dynamic circuit analysis. In this case, the analysi

techniques, which enable to formulate the circuit
equations in systematic and automatic way, haveeto
V. CONCLU_SIONS ~ used. Using MATLAB for solving these problems sases
The procedure for analysis of a dynamic circuihgsi ot of time and effort and everybody who needsrtalyse
the Laplace transf_orm in the MATLAB environment wasthe circuit can concentrate on gaining an insigito i
EVO%OSGd- It consists of the steps that must be dgn properties of the circuit, and making conclusions.
and:

« finding the initial conditions for given circuit,

e drawing thesdomain representation of the given
circuit, REFERENCES

* applying systematic circuit analysis techniques tqi] R.C.Dorf, J.A.Svobodaintroduction to Electric Circuits John
s-domain representation of the given circuit and Wiley &Sons, Inc., 2007, ISBN 978-0-471-73042-2.
writing a set of simultaneous algebraic equation$2] D. Mayer: Introduction in Theory of Electric CircuitsSNTL-
containing the terms of the complex varialde Prague, 1984 (in Czech).

rearranging the obtained set of equations in aixaatr [3] MATLAB — User's GuidgMathematicsProgramming Graphics,
vector form MathWorks 2009.
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