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Dissipative Heating in a Rotational
Viscometer with Coaxial Cylinders

F. Rieger

Rotational viscometers with coaxial cylinders are ofien used for measwring rheological behaviowr. If the inner to outer cylinder diameter
ratio does not differ significantly from 1, the curvature can be neglected and the flow reduces to the flow between moving and stationary
plates. The power-law and Bingham models are often used for describing rheological behaviour. This paper deals with the temperature
distribution obtained by solving the Fourier-Kirchhoff equation and in the case of negligible inner heat resistance it also covers temperature
time dependence. The solution is illustrated by a numerical example.
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1 Introduction

This paper presents viscous heating in a rotational visco-
meter with coaxial cylinders (see Fig. 1), which is often used
for measuring rheological behaviour.

Fig. 1: Rotational viscometer with coaxial cylinders

Power-law and Bingham models are often used to describe
rheological behaviour [1].

The power-law model is the simplest model widely used
for describing the rheological behaviour of non-Newtonian
fluids. Using this model, the dependence of shear stress 7 on
shear rate can be expressed by the relation:

T=Ky", (1)
where K is the coefficient of consistency and n stands for the
flow behaviour index.

The Bingham model is the simplest model used for de-
scribing the rheological behaviour of viscoplastic materials.
Using this model, the relation of shear stress 7 and shear rate
y can be expressed by the following relation:

T=uyy + 7 forft 27, (2)

where 7 is the yield stress and p, stands for plastic viscosity.
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If the inner to outer cylinder diameter ratio does not dif-
fer significantly from 1, the curvature can be neglected and
the flow reduces to the flow between the moving and station-
ary plates.

The temperature distribution can be obtained by solving
the Fourier-Kirchhoff equation [1]

2
25T, 3)
dy
where y is the distance from the stationary plate. The equa-
tion will be solved with the following boundary conditions

dr
dy

=0

y=H,
dr @
y=0, A—=a( -Ty)

dy

i.e., we assume an insulated moving plate (rotating cylinder)
and a stationary plate (cylinder) tempered to temperature 7.

2 Solution

2.1 Power-law fluids

Inserting (1) for 7 into (3), we get
2
24T

- K - n+1 (5)
dy2 4

and after integration we obtain

2-n+1 2
g K y_l[y) L L )
y) H 2\H Bi |

where Bi =aH / A. The solution is shown in graphical form in
Fig. 2, where

_ (T -TpA

T* KHQ)'/’ﬂ+1’

(7)
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2.2 Bingham plastics

Inserting (2) for 7 into (3), we get

eroo1, . .
@72:_;(”1)?2 +T0Y) 8)

after integration and rearrangement we obtain
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Fig. 2: Dimensionless temperature profiles

u H=y « 1 2 The solution of (9) for Bi — o is shown in graphical form
o =P 2o M2 T Ll @ g o where
A H 2\H) B 8§
T*:i(T_Y;f_);. (11)
where upH™y
1—8 = TO. . (10) Fig. 3 shows that increasing plasticity (rg) increases the
HpY temperature rise.
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Fig. 3: Dimensionless temperature profiles
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Fig. 4: Dependence of dimensionless temperature on dimensionless time

From the dependencies shown in Fig. 2 it can be seen that
at small Biot number values the outer temperature resistance
prevails and the temperature of the liquid is practically con-
stant, and in a unsteady-state it depends on time. For this case
the enthalpy balance can be written in the form

pcH ar =1yH —a(T - T)

12
1 (12)
and after integration it transforms to
T**:ﬂ:K*J—(l—K*)exp(—t*), (13)
Ty - T¢
where
K*:%, P = at ) (14)
a(ly =Tr) pcH

The dependence is shown in Fig. 4, where the line for
K* =1designates the equilibrium state at which all dissipative
heat is removed by convection.

The dependence of the dimensionless time ¢* after which
the dimensionless temperature attains 99 % of the steady-
-state value on K* is shown in Fig. 5.

In the case when initial temperature 77, is equal to temper-
ature T it is suitable to define the dimensionless temperature
as

T = w (15)
tyH
after integration (11) we can obtain the relation
T" =1—exp(-1*). (16)

The application of the above relations will be illustrated in
the following example.

3 Example

A rotational viscometer with inner cylinder diameter
48 mm and outer cylinder diameter 50 mm contains a New-
tonian liquid with density p = 1000 kgm_g, heat capacity
¢=4200 Jkg"'K™! and heat conductivity 4 =0.5 Wm™ 'K,
Calculate the inner and outer cylinder temperature
1) when the tempering temperature is 20 °C and the heat
transfer coefficient & = 100 Wm 2K~

7

6

t*
w

0.2 0.4 0.6 0.8 1 1.2 1.4

Fig. 5: Dependence of the dimensionless time ¢* after which the dimensionless temperature attains 99 % of the steady-state value on K*
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2) at no temperlng, outer temperature 20 °C and
a =5Wm 2Kl The temperature dependence of viscos-
ity is described by the relation

ul[Pa-s] =082exp(-0025T[°C]).
Measurement is carried out at shear rate
a) 1007,
b) 1000 s~ 1.

Calculate also the temperature after 5 minutes, when the ini-
tial temperature is

) 20 °C,
B) 15 °C.

4 Solution

4.1 Calculations of final temperatures

First the Biot number will be calculated
1) Bi _aH _100x 0001 —09.
A 05
Inserting n =1 and K = u into Eq. (6) or inserting r; =0
and p, = pinto Eq. (9), the inner cylinder temperature 7;
will be calculated for y = H from

a)
2.2
Ti:Itu (1+ 1) +T¢
y 2 B
5 . 4
_05x 10°°%10 55 +20=20055 °C
05
and the outer cylinder temperature 7, will be calcu-
lated for y =0 from
2.2
T, = MY [0+Lj+Tf
A Bi
[ -6 4
_05x10 7 x10 5+20=2005 °C.
05
b)
2.2
T, = MHT (1+ 1J+Tf
y 2 B
- 6
04 x1070x10° o0 o o4g e,
05
2.2
T, = HH7y i.“’Tf
A B
6 6
R

The viscosities at the mean liquid temperature were in-
serted into the above equations.
aH 5x0001

9) Bi=%" =
A 05

and the two temperatures will be calculated from the same
equations

2.2
Ti:‘tu (14— 1]+Tf
A 2 Bi

0485x107° x 10
05

=001

a)

1005 +20 =21 °C,
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2.2
Te:MHy (O+L_)+Tf
A Bi

0485x107%x10*
05

100 +20=21 °C.

2.2
T, = wHy (1+ 1)+Tf
A 2 B
019x107%x10°
05
2.2
e . 7y 1 + 1%
A Bz
019x1070
05
These results show that at a high shear rate the tempera-
ture rise is unacceptable especially without tempering. It can
also be seen that the difference between the inner and outer
cylinder temperature is not high due to the low Biot number
values, especially in case 2).

1005 +20 =583 °C,

6
107100 420 =582 °C.

4.2 Calculations of temperatures after
5 minutes of measurement

a) In the case when the initial temperature 7, is equal to
temperature 7p, Eq.(15) will be usedin the calculations

la)

-2
7= P () + T
(04
0.497><0.001><1002[ ~100x 300 }
= I -exp +20
100 1000 x 4200 x 0001
=2005 °C,
1b)
=M Hi* [1—exp(—*)] + Ty
a
0.47 x 0001 x 1000” ~100 x 300
= 1 -exp +20
100 1000 x 4200 x 0001
=247 °C,
2a)
pHy?
T = —"—[l1 —exp(—t*)]+ T
a
05><0.001><1002{ 5% 300 }
=—|1-exp +20
5 1000 x 4200 x 0001
=203 °C,
9b)
=M Hi® [1—exp(—*)] + Ty
a

-5x 300 }
exp +20
1000 x 4200 x 0001

0375 % 0001x 10007 [1 ~
5

=425 °C,

where viscosity was calculated at the mean temperature
(T + Tf) / 2.
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B) In cases when the initial temperature 7}, is not equal to
temperature 1, Eq.(12) will be used in the calculations
la)
T =T; + @y ~TpIK* +(1 - K*)exp(~9)]
=20-5[(1+00106) exp(—*) —0.0106]=2005 °C,

1b)
T=T; + @) ~TP)K* +(1-K*)exp(~*)]
=20 = 5[(1 + 0995) exp(~t*) —0995] =25 °C,

2a)
T = Tf + (TO —Tf)[K* +(1 - K*) exp(—t*)]
=20~ 5[(1 + 022) exp(—{*) —022] =168 °C,

9b)
T =Tp + Ty —Tp)[K* +(1 - K*)exp(~t%)]
=20 -5[(1 +163)exp(~*) —163]=41°C,

where viscosity was calculated at the mean temperature
(Ty +T)/2.

The results presented above show that the temperature
rise and the experimental error is considerable especially at
high shear rate in cases 1b) and 2b).

5 Conclusion

It was shown that dissipative heating can play an impor-
tant role in measurement of highly viscous fluids. The tem-
perature of measured liquid can be significantly higher than
tempering temperature, which can cause significant experi-
mental error. The time necessary for temperature stabilisa-
tion is often not negligible. Measurement without tempering
can lead to a significant temperature rise and unacceptable
error of measurement.

List of symbols

Bi Biot number, 1

¢ specific heat capacity, J~kg‘1-K_1

H distance of planes (cylinder walls), m
K consistency coefficient, Pa-s"

n flow index, 1
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inner cylinder radius, m
outer cylinder radius, m
time, s

temperature, K
coordinate, m

heat transfer coefficient, W-m 2K}

shear rate, 571
ratio R1/R2, 1

heat conductivity, W-m™1.K™!

‘:»a%Q‘éﬂ“w’mE@

viscosity, Pa-s
Hp plastic viscosity, Pa-s
density, kg~m_3

T shear stress, Pa
70 yield stress, Pa
lower indexes

f fluid

0 initial

upper indices
*4 dimensionless
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