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1. INTRODUCTION

Despite the fact that Sophus Lie himself began con-
structing realizations, this problem still remains un-
solved for many important cases. The description of
Lie algebra representations by vector fields is of great
interest and widely applicable, e.g. to the integration
of ordinary differential equations. Some new trends in
this area are indicated in [T}, 2]. Realizations are also
used in the group classification of partial differential
equations and in the classification of gravity fields of
a general form under the motion groups or groups of
conformal transformations [3]. The construction of
realizations of Lie algebras is also a necessary prereq-
uisite for finding differential invariants and construct-
ing mathematical models with nontrivial symmetry.
An exhaustive description of nonequivalent realiza-
tions of given Lie algebras by vector fields is also an
independent fundamental mathematical problem.

In this work, we review the main methods of real-
ization construction and apply them to special linear
and conformal Lie algebras. In particular, we present
the realization of s[(2,C) that is not equivalent to
a finite-dimensional representation.

The paper is arranged as follows. We first review
the basic definitions and notations in Section [2] then
in Section [3| we describe and compare the main meth-
ods representing an abstract Lie algebra by vector
fields. In Section [d] we compare realizations of sl(2, C)
constructed by the direct method and from the weight
representations. And, in Section [5} we apply the Shi-
rokov’s method to three conformal Lie algebras, with
the resulting generic realizations being presented in

Appendix [A]

2. DEFINITIONS AND STATEMENT OF
THE PROBLEM

Consider a Lie algebra g = (V,[-, -]), where V is
an n-dimensional complex or real vector space with
a bilinear antisymmetric operation [-, -|: V xV =V
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that satisfies the Jacobi identity, and is usually called
a Lie bracket or a commutator.

Fixing the basis e1,...,e, of V, we can define the
Lie algebra g by its commutation relations:

n
leq, €j] = Z ijek,
k=1

or by the structure constant tensor ¢, with the com-
ponents cfj e Cor cfj € R.

Hereafter, we assume that the indices i, j, k4, )
and k run from 1 to n, and we will imply the summa-
tion over the repeating indices.

The general linear group acts on the variety of n-
dimensional Lie algebras as follows. Let A € GL,(V)
and B = A~!, then the components of the initial
structure constant tensor ¢ and the resulting tensor ¢
are connected by the formula:

~k _ Al gd Rk .k

Denote the whole automorphism group of g by
Aut(g) € GL,(V) and the group of the inner au-
tomorphisms by Inn(g).

In this work, we mostly follow the definitions pro-
posed in [4] with some minor modern modifications
and generalization to the case of complex field. Note
that we work only locally. The definitions given below
are similar for the field of real and complex numbers,
but differ in some details.

Let M C R™, m € N be an m-dimensional smooth
manifold and Vect(M) denote the Lie algebra of
smooth vector fields on M.

Definition 1. A realization of Lie algebra g in vector
fields on M is a homomorphism R: g — Vect(M).

The realization is called faithful if ker R = {0}, and
unfaithful otherwise.
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Loosely speaking, we consider Lie algebras of ho-
mogeneous first-order differential operators:

1 0 9 0 m 0
3 (37)3771 +¢ (55)37324"“‘*‘5 (33)%»
with the coefficients £* that are smooth functions
on M, hereafter indices a, 5 and + run from 1 to m,
Oq = Oy, = % and x = (21,%2, ..., Tm)-

In the case of a complex Lie algebra, we denote a do-
main of C™ as M and Vect(M) are the vector fields
on M with analytical coefficients. The formulation of
the realization definition is the same.

The main problem considered in this work is the
construction of all possible realizations of an abstract
Lie algebra g given by its commutation relations. Note
that for the fixed Lie algebra g, it is reasonable to look
for the faithful realizations only, since all unfaithful
realizations can be investigated as faithful realizations
of some lower-dimensional algebra.

As it follows from the definition, realization is a par-
tial case of representations and we will discuss connec-
tions between realizations and weight representations
in the next section.

To find exhaustive lists, we need to define which
realizations of a given Lie algebra we will consider
different, or, conversely, equivalent.

Definition 2 (R). The realizations Ry: g — Vect(M;)
and Rs: g — Vect(My) are called weakly equiva-
lent if there exist ¢ € Aut(g) and a diffeomorphism
f: My — My such that Ry(v) = f« Ri(p(v)) for all
v € g. Here, f, is the pushforward from Vect(M;) to
Vect(Ma).

If ¢ is the identical transformation, the realizations
are called strongly equivalent.

Definition 3 (C). The realizations Ry: g — Vect(M7)
and Ry: g — Vect(Ms) are called weakly equivalent if
there exist ¢ € Aut(g) and a biholomorphic mapping
f: My — My such that Ry(v) = f* Ri(¢(v)) for all
v € g. Here, f* is the pullback from Vect(M;) to
Vect(My).

If ¢ is the identical transformation, the realizations
are called strongly equivalent.

The strong equivalence is verified in a simpler way
than the weak one and it can be used for construction
of realizations using realizations of subalgebras, but in
general case, we should classify all realizations of the
given Lie algebra with respect to the weak equivalence.
However, the algebraic method of constructing realiza-
tions (Shirokov’s method) gives grounds to consider
the hypothesis that for two weakly equivalent real-
izations, it is possible to construct a non-degenerate
change of variables that transforms them from one to
another, at least this hypothesis may hold when the
full automorphism group coincides with the group of
inner automorphisms.

3. CONSTRUCTION METHODS

There are two main approaches to the construction
and classification of realizations of Lie algebras:

(1.) Construction of basis vector fields that satisfy
the given structure constants of the Lie algebra;

(2.) construction of finite-dimensional spaces of vec-
tor fields closed with respect to a multiplication
(commutation) that satisfies the definition of a Lie
bracket.

Regarding the second approach, the classification of
realizations was started by Sophus Lie himself and
was done for the case of one variable over real and
complex fields and for two variables in the complex
case. Within the framework of the second approach,
there are several interesting methods for constructing
realizations, in particular for nilpotent Lie algebras.
Certain results have also been obtained for spaces of
a small number of variables, but this approach is not
relevant to the problem we are considering in this
paper, so we will not provide a detailed overview of
the methods and results.

3.1. THE DIRECT METHOD

As for the first approach to constructing realizations
of Lie algebras, the most obvious is the direct method
(which is technically quite complex). First, it was
formulated in [4], here we present it in detail since
this is the only general method known to us today.
The direct method consists of three main steps:

(1.) Take n linearly independent vector fields of the
general form e; = £'*(x)0,, and require them to
satisfy the given commutation relations of g.

(2.) By comparing coefficients near different partial
differentiation operators, we obtain a system of first-
order PDEs for the coefficients £%¢. Integrate this
system considering all the possible cases.

(3.) Transform the solution into the simplest form,
using nondegenerate transformations of the coordi-
nates on M and automorphism transformations of g.

The direct method is quite difficult to apply, primarily
due to the need to solve a system of partial differential
equations and the requirement to check a large num-
ber of branching cases. But we can propose several
approaches that make the procedure less cumbersome.
First, we formulate the ideas, then we introduce all the
definitions and formulate the necessary statements:

e To transform one of basis elements to the shift
operator, for example, e; = 8%1. Note that the
choice of the basis element that we transform to the
shift operator significantly affects the subsequent
complexity of the calculations and the form of the
operators that we obtain as a result.

e To classify sequential realizations of a series of
nested subalgebras of g, starting with a one-
dimensional subalgebra and ending with g. Inequiva-
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lence of the obtained realizations can be guaranteed
if we consider a chain of megaideals.

e To split all possible cases into the groups with the
different realization ranks.

Let us fix x € M and let R, be a realization of g
in this point. Consider the linear map R,: g —
Vect(M)(xz). The matrix that corresponds to this
linear map is the n by m matrix £ formed by the
coefficients of the realization:

i 6 8

521 T 622 T £2m T

{(z) = : : :
&h(x) £ (x) ()

Definition 4. The general (maximal possible) rank
of the linear map R, is called a rank of realization R
and is denoted as rank R.

The realization rank value possesses the obvious
inequality 0 < rank R, < n, where n is the dimension
of the Lie algebra g. The second inequality is dictated
by the number of rows in matrix &, which is equal to
the number of basis vector fields of g.

If there exists a subset gy C g such that
rank R1(go) # rank R2(go), then the realizations R;
and Rp are strongly inequivalent.

Definition 5. A megaideal m of g is such a vector
subspace m C g, that it is invariant under any trans-
formation from Aut(A).

It is clear that any megaideal is a subalgebra and,
moreover, an ideal in g. But there exist ideals which
are not megaideals. Moreover, any megaideal is in-
variant with respect to all the derivations, i.e. it is
a characteristic subalgebra.

Let m be a megaideal and R; and R» be realizations
of the algebra g. If Rl‘m and Rg‘m are inequivalent,
then R; and R, are inequivalent too.

Moreover, if there exists a megaideal m of g such
that rank Ri(m) # rank Re(m) then the realizations
Ry and R, are weakly inequivalent.

The notion of megaideal allows us to construct real-
izations starting from the known lists of realizations
for the low-dimensional algebras, but only in the case
when we can find a nested chain of megaideals. Such
a chain of megaideals cannot be constructed for simple
Lie algebras, so constructing realizations for them is
a particularly difficult task.

For low-dimensional Lie algebras, the direct method
is quite effective and has allowed us to describe real-
izations of real Lie algebras of dimensions no higher
than four [4].

3.2. BLATTNER’S METHOD

Let us consider the method proposed by Blattner [5]
in 1969. It constructs transitive realizations of Lie
algebras starting from their structure constants. For
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further explanation, we need to define transitive real-
izations.

By the third Lie theorem, there exists a local n-
parametric transformation group G corresponding to
the vector fields e;, i.e. e; are infinitesimal generators
of the action of the group G on M. Note that such
a correspondence between the group and the Lie alge-
bra is given by the tangent space at the unit of the
group (the zero of the Lie algebra). A Lie group G
can act on M in several different ways: primitively
(only one orbit is formed when G acts on M) or im-
primitively (M is split into several orbits); transitively
(orbits may exist but there are no stationary points),
and intransitively (G decomposes M into orbits that
are invariant under the action of G). If the local group
G corresponding to a realization acts transitively on
M, then the realization is also called transitive.

Let {e1,...,ex,€1,...,€6n} be the basis of a finite-
dimensional Lie algebra g, where s = (eq,...,eg) is
a subalgebra of co-dimension m, and U(g) is the uni-
versal enveloping algebra of g. Then, using the set of
vectors {€1, ..., €y, } complementary to the subalgebra
5, we can construct the transformation ¢., defined
for v € g, that gives a transitive realization of the
algebra g by the formula:

Pe(v) = Z (Z Xi(elv)“> i,

i=1 \leN™m

where [ is multi-index and I! := [ /;!. Here €lv €

=1

U(g), and x,; — the Poincaré-Birkhoff-Witt coeffi-
cient before the monomial ¢;. A Poincaré-Birkhoff—
Witt coefficient is the scalar that appears when a prod-
uct of Lie algebra generators is rewritten in terms of
the ordered PBW basis of the universal enveloping
algebra. It is the coefficients x, that significantly
complicate the application of the Blattner’s formula,
since no regular procedure has been found for their
calculation.

3.3. SHIROKOV’S METHOD

Let’s consider another approach that is algebraic and
does not require solving differential equations. This
method was first proposed in 1997 by I. Shirokov for
left-invariant vector fields, and it was extended to
the transitive case in 2013 [6]. The main ideas of
this method are to construct vector fields as duals
(inverses) to differential one-forms, and to construct
differential one-forms using adjoint representations.

Let the local Lie group that corresponds to g is
parametrized by the canonical coordinates of the sec-
ond kind, i.e., group elements are represented as or-
dered products of exponentials, each corresponding
to a separate basis element of g. In this case, we can
construct components w; () of differential one-forms
by the formula:

w! (z) = (exp(—ziade, ) - - - exp(—wz;ade,))7 .
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Now the problem of constructing left-invariant vec-
tor fields reduces to finding the inverse transformation
&i(x) = ((wj(:z:))*l);. Note that this construction
of realization corresponds to the primitive action of
the local group, we will call such a realization generic.
All other realizations that correspond to the tran-
sitive group action can be obtained as projections
of the generic realizations to the spaces of variables
complementary to subalgebras. In the case of a non-
transitive action of the corresponding local group, the
method becomes more complicated. It was discussed
in the thesis [7] of D. Gromada, but, for practical
application, it is necessary to find the classification
of subalgebras that satisfies certain conditions. This
subtask is rather complicated itself.

Nevertheless, this algorithm is extremely efficient in
constructing generic realizations and can be success-
fully applied to physically interesting high-dimensional
algebras. Appendix [A] contains generic realizations of
three important conformal Lie algebras ¢(3,1), ¢(3,0)
and ¢(2,1), which are constructed using the algebraic
method.

3.4. REPRESENTATIONS AND REALIZATIONS
WITH LINEAR COEFFICIENTS

For each Lie algebra, there are always two representa-
tions: trivial and adjoint. Trivial representation has
no essential applications but adjoint representation
can always give us the realization with linear coefhi-
cients. Indeed, if the Lie algebra g has a representation
¢ with the corresponding (m x m)-matrices ®;, then
the set of operators:

m m

Z(‘I’z‘)fﬂﬂ 8

generates the realization g and vice versa: any real-
ization with linear homogeneous coefficients generates
the matrix representation of the Lie algebra.

This method of constructing realizations is particu-
larly interesting for the case of simple and semisimple
Lie algebras, since it is difficult to apply the direct
method to them due to the lack of megaideals. It is
also difficult to classify subalgebras of simple algebras
for the application of the Shirokov method, but, at
the same time, weighted representations are known
for simple Lie algebras.

It is clear that some realizations with non-linear
coeflicients will be equivalent to those obtained from
representations, but the more interesting question is
whether all realizations can be obtained from the rep-
resentations. To investigate this connections between
realizations and representations, we considered the
smallest simple Lie algebra sl(2, C) in Section 4} Note
that this case has been studied by many authors in
the past, for example [§].

4. REALIZATIONS AND
REPRESENTATIONS OF sl(2,C)

Consider the Lie algebra s[(2,C) of 2 x 2 traceless
complex matrices, the standard choice of basis is:

(Y G )

[6, f] = h, [ha 6] = 2e, [fv h} =2f. (2)
Let us also consider the basis eq, e, e3, where:
€ =€y, h:_2627 f:_e3a

and commutation relations have the form:

[e1, ea] =e1, [e2, e3s] =e3, [e1, e3] =2e2. (3)
Irreducible finite-dimensional weight representations

of 5l(2,C) in the basis e, f, h are:

01 0 0 “d 0 .. o
002 -0 1[ 0 —d+2 . 0
Sy=1:: o, @225 e )
00 - 0 d : -
00 00 0 0 d
0 0 - 00
“d 0 - 00
0 —d+1 - 0 0
o3 =
6 0 - 10

The realizations that correspond to these representa-
tions are (d € N):

d+1

e1 = Z(a —1)zq-10a,

a=2

d+1 d
€y = Z<_2 -1+ a)xaam

a=1
d
e3 = Z(fd +a—1)204+10a-

a=1

Applying the direct method we obtain the exhaus-
tive list of inequivalent realizations of sl(2, C):

(1.) Oy, 1101 + 2205, 2201 + 2312905 + 1203,
(2.) 81, £101 + 2202, (23 + 23)01 + 2212205,
(3.) Oy, 1101 + 1202, B30 + 2317209,

(4.) D1, 2101, 2701.

Note that this list contains one less realization than the
similar list obtained for the case of real numbers [4].

To establish the correspondence between the realiza-
tions and representations, we consider different values
ofd=1,d=2,d =3, ...transform one of the opera-
tors to the form 0,, and look for the locally invertible
transformations for the rest of the variables. We also
compare the ranks of the realizations. In this way we
have shown that the case d =1 is transformed to the

realization by the change of variables Z; = %,
Fg = x—l%
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And the case d = 2 is transformed to the realiza-
tion by the change of variables Z; = % — 2+

1
~ 5 (.2 1
T123, To = Ty ° (acQ — xlxg) T3 = s

The cases d > 3 are equivalent to the realization |(1.)
since all of them are of the rank three.

The only realization that was not obtained from the
irreducible weight representations is the realization of
the rank one

To investigate whether it is possible to linearize this
realization we look for non-degenerate transformations
To = falx),a=1,....m, x = (x1,%2,...,%y,) such
that for some complex matrices a, b and c:

+ aamjm)aia 9
+'ban1jn0€%aa

+ Cam,’im)aja .

€1 = (@a1Z1 + - -
€2 = (ba1T1 + -+~

€3 = (Ca1®1 + -+~

Solving the obtained system of PDEs, we come to the
functional system that is linear and homogeneous with
respect to the functions f,, (z), therefore, the Jacobian
determinant is zero and non-degenerate transforma-
tions do not exist.

This simple example allows us to draw an impor-
tant conclusion that irreducible representations do not
allow us to obtain all differential equations that are
invariant under a given group or Lie algebra.

5. REALIZATIONS OF CONFORMAL
ALGEBRAS

Consider three important conformal groups: the stan-
dard conformal group C(3,1) and two conformal
groups of pseudo-Euclidean spaces C(3,0) and C(2,1).
Their Lie algebras are denoted ¢(3,1), ¢(3,0) and
¢(2,1), respectively. Some covariant realizations of
conformal algebras and de Sitter algebras are already
known, but we constructed realizations in spaces of
fifteen and ten variables, respectively. This is the
highest possible dimensions of spaces of essential vari-
ables for these algebras. By essential variables we
mean variables that cannot be eliminated through
a nondegenerate change of variables, i.e., they cannot
be replaced by invariants of vector fields. Realizations
with fewer variables, in particular “classical” realiza-
tions, can be obtained from the presented realizations
by a projection to the spaces of lower dimensions.
The 15-dimensional Lie algebra ¢(3,1) of the confor-
mal group is the Lie algebra of the maximal invariance
group of the Maxwell’s equations in flat space-time.
This group, from many points of view, unites all phys-
ical groups (Lorentz, Poincaré, de Sitter, orthogonal,
etc.). It is generated by ten Poincaré operators P,,,
Juv, dilation operator D and special conformal trans-
formation operators K, where p,v = 1,2,3,4.

The nonzero commutation relations of the Lie alge-
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bra have the form:

[J;un Jpo] = GupJvo = GupJuo
+ Guodov — Guodpp, (4)
[ Hvs ] gup — GupPu, (5)
[T K] = — Gup Ky, (6)
[ u] (g;wD + J;w) (7)
[Py D] (8)
(K, D] = 9)

here g,, is the metric tensor of Minkowski space
g11 = g22 = g33 = —gaa = L.

If we consider the well-known realization of the
conformal Lie algebra, we can see that it is the projec-
tion of the generic realization that corresponds to the
subalgebra span{.J,,,, D, K} with the complementary

part {P,, J,., K,,D}:
P,=0,, Juw = 2,0, —,,0,,
W 1 n W b . (10)
D==z,0,, K,=2x,x,0,—2"0;

where 2% = 27 + - + 2.

We also consider de Sitter algebras that correspond
to the transformation groups of isometry of pseudo-
Euclidean spaces with the metric forms 23 + 23 + 2% —
22 + 22 and 2% + 23 + 23 — 23 — 22. They are the
groups of motion of 4-dimensional Riemannian spaces
of constant curvature (de Sitter spaces). Both de
Sitter spaces describe an expanding universe where
the radial velocities of galaxies are proportional to
the distances to points in space. For de Sitter al-
gebras, we can use isomorphisms ¢(3,0) ~ so(4,1)
and ¢(2, 1) ~ 50(3,2) with conformal commutation re-
lations @ for p,v = 1,2,3 and metric tensors
gi1 = 922 = g33 = land g11 = g22 = —g33 = 1, respec-
tively. Below, we present all their generic realizations
that we obtained by the Shirokov’s method with the
complementary part {P,, J,,, K,, D} in other words,
this means that the bas1s elements are ordered exactly
in the same way as they are presented in the appen-
dices. The theory allows us to construct one realiza-
tion for the both de Sitter algebras by parametrizing
the structure constants with a parameter that changes
the sign, but this significantly complicates the calcu-
lations and the appearance of the realizations.

In the future, we plan to construct projections of
the obtained generating realizations onto spaces of
lower dimensions, find differential invariants for them,
and write invariant partial differential equations.

ACKNOWLEDGEMENTS

This work was supported by a grant from the Simons
Foundation (SFI-PD-Ukraine-00014586, M.N., M.S.).

REFERENCES

[1] R. L. Anderson, S. M. Davison. A generalization of
Lie’s “counting” theorem for second-order ordinary
differential equations. Journal of Mathematical Analysis
and Applications 48(1):301-315, 1974.
https://doi.org/10.1016/0022-247X(74)90236-4


https://doi.org/10.1016/0022-247X(74)90236-4

VOL. 65 NO. 5/2025

On realizations of Lie algebras

[2] F. Schwarz. Solving second-order differential equations
with Lie symmetries. Acta Applicandae Mathematica
60(1):39-113, 2000.
https://doi.org/10.1023/A:1006321609161

[3] H. Makaruk. Real Lie algebras of dimension d < 4
which fulfil the Einstein equations. Reports on
Mathematical Physics 32(3):375-383, 1993.
https://doi.org/10.1016/0034-4877(93)90030-I

[4] R. O. Popovych, V. M. Boyko, M. O. Nesterenko,
M. W. Lutfullin. Realizations of real low-dimensional
Lie algebras. Journal of Physics A: Mathematical and
General 36(26):7337, 2003.
https://doi.org/10.1088/0305-4470/36/26/309

[5] R. J. Blattner. Induced and produced representations
of Lie algebras. Transactions of the American
Mathematical Society 144:457-474, 1969.
https://doi.org/10.2307/1995292

[6] A. A. Magazev, V. B. Mikheyev, I. V. Shirokov.
Computation of composition functions and invariant
vector fields in terms of structure constants of
associated Lie algebras. Symmetry, Integrability and
Geometry: Methods and Applications 11:66, 2015.
https://doi.org/10.3842/SIGMA.2015.066

[7] D. Gromada. Classification of realizations of
low-dimensional Lie algebras. Master’s thesis, Czech
Technical University in Prague, Faculty of Nuclear
Sciences and Physical Engineering, 2017. [2025-06-05].
https://physics.fjfi.cvut.cz/publications/mf/
2017/dp_mf_17_gromada.pdf

[8] M. Havli¢ek, W. Lassner. Canonical realizations of the
Lie algebras gl(n, R) and sl(n, R). I. Formulae and
classification. Reports on Mathematical Physics
8(3):391-399, 1975.
https://doi.org/10.1016/0034-4877(75)90081-6

559


https://doi.org/10.1023/A:1006321609161
https://doi.org/10.1016/0034-4877(93)90030-I
https://doi.org/10.1088/0305-4470/36/26/309
https://doi.org/10.2307/1995292
https://doi.org/10.3842/SIGMA.2015.066
https://physics.fjfi.cvut.cz/publications/mf/2017/dp_mf_17_gromada.pdf
https://physics.fjfi.cvut.cz/publications/mf/2017/dp_mf_17_gromada.pdf
https://doi.org/10.1016/0034-4877(75)90081-6

M. Nesterenko, S. Posta, M. Staryi

AcTA POLYTECHNICA

Appendix A.

In this appendix we present generic realizations of Lie algebras of three important conformal groups: the
standard conformal group C(3,1) and two conformal groups of pseudo-Euclidean spaces C(3,0) and C(2,1).

A.1. GENERIC REALIZATION OF THE CONFORMAL ALGEBRA ¢(3,1)
To simplify the form of the formulas, we introduce the notations:

sinx; =s;, cosx; =c¢;, tanz;=1t;, sinhx; =sh;, coshx; =ch;, tanhx; =th;, ¢=1,...,10.

Rgeneric(c(gv 1)) :

Py = 0y,
Py = 0,
P3 = 03,
Py = 04,

Ji2 = 1201 — 110,, + 05,
J13 = £307 — 2103 — thgss05 + ¢505 + 2875887
Chg

h
trss S986C5Cs 1+ thesrcoss + s9sgss
Jia = — 2401 — 2104 + 205 + t756¢506 + 5607 + %
chg C7Cg
C5S6Ss — S5Cs S588 1 C556Cs
_ Dy + 1o,
Cr C7Cg
Cs
Jog = x309 — £203 + —thgcs05 — 8506 + — s,
Ch6
tres thes7cgcs — SgSeCgss + SgCs5Sg
Jog = — 409 — T304 + 05 — t7855605 — 85¢607 + Os
crchg €7¢9
C5C8 + S556Ss S556C8 — C558
+ Dy — d1o,
Cr C7Cg
tgcgCg 58C6 C6C8
J34 = — 403 — w304 + cet70 — 8607 + Os — % + O,
cr cr C7Co

K, = (x% — ac% — ;vg + xi)al + 2212909 + 2210303 + 2112404

t
-2 (1‘2 + % — l‘gth685) Os — 2(I4t786 + 31‘3)(3586 — 2x4C5C607
Clig

+ x4t7thgss + — +

24%986C5C8 T385  T4lgSs5Ss C58688 — S5C8)Tq
-2 ( =2 )0+ 2( ) Oy

(¢4 Chﬁ Cr Cr
S588 + C556C8) T4

C7Cg

Ly

810 — (2$1£L‘11 — Ch7C5C6)811 —+ (Sh7Sh9C5C6 —+ Chg(S5C8 — 8688C5) — 2111‘12)812

+ (Sthhlo(S5C8 — C5SGSg) + Ch10(86C8C5 + 8588) + Sh7ChQSh10C5CG — 21311‘13)613

+ (Sthhlo(Sg,Cg =+ C586Sg) =+ Shlo(S6CgC5 =+ S5Sg) + shrychgchigescg — 2.%‘11‘14)814 + 21‘1815,

KQ = 21[,’}%281 + (—x12 + .’E22 - 1'32 + $42)612 + 2$2$383

TaC5t7
Ch6

+ 2292404 + 2 (

e $3C5th6) Os + 2($3 + {B4t786)S5a6 + 2x485¢607

$556C8 — C558) L4

+2( 810

z4t
+2 (ég(S(;CgSg, — cssg) — xathres —
7

Chﬁ C7

x365> de 2 (c5Cs + S55688)Ta 9

C7C9

— (2x21:11 + Ch7S5C6)811 + (Chg(C5C8 + S58688) — Sh7Sh9$5C6 — 2562.112)812

+ (Sthh10C5C8 + Ch10C588 — Sh7Sh10Ch9S5C6 — Ch108586C8 + Sthhl()S5S688 — 21’21’13)813

+ (Sthhlo(C5C8 =+ S5SGC8) —+ Shlo(SgC5 — S5SGC8) — Sh7Ch9Ch1085C6 — 2$2$14)814 + 2$2615,

K3 = 2312301 + 2022304, + (—x% — 2+ x§ + xi)ag + 2x3x404
— 2th6($185 + LL‘205)65 — 2(.1’41]7(?6 — x1C5 + x255)(’)6

1S5 + ZaC x4tgcgC S8CeT CgC]T
+2x4s687+<15 25_24968>88+286469_2684

Ch6 C7 Ct C7Co

010 — (chysg + 2x3211)011

— (CthGSg + 223719 + Sh7Sh9$6)612 + (CthGCg — shgshigcgss — shrychgshigsg — 2.’133.%'13)813

+ (chyocges — shochigegss — shrchgchyose — 223214) 14 + 223015,
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Ky = — 2212401 — 2092405, — 2042303 — (x% + x% + x% + xi)&;

t7(z185 + 2Cs5)
Ch6

— 2($2C655 — I1CeCs5 + (E386)87

+2 Os + 2t7($1SGC5 — X2S6S5 + {,133C6)(96

+2 ( ($QS5SGC8 — X1S6C5C8 — L3CeC8 — L1S558 — 56'28805) - th6t7($1S5 + !L‘QC5)> Og
Cr

2
— Cf((EQ — S5S6S8 + £1C5S6S8 + L3CeSg — L1S5C8 — $2C5Cg)ag
7
2
+ F($105SGCS — X28556Cs + T3C6Cs + T18588 + T2C588)010 + (24211 + shr)011
7Co
+ (2z4212 + chyshg)Oio + (224213 + chrchgshig)dis + (224214 + chrchgchi0)014 — 224015,

D = 2101 + 2202 + 2303 + 1404 — 11011 — 212012 — 13013 — £14014 + O15.

A.2. GENERIC REALIZATIONS OF DE SITTER ALGEBRAS
Rgcncric(c(gv 0)) :

Pl - a17
Py = 0y,
Py = 03,

Ji2 = 2201 — 2102 + O4,
s
Ji3 = 230 — 2105 — thssa0s + cads + —— 0,

Ch5
C
Joz = w302 — w203 — th5csdy — 8405 + %36,
5
Kl = (1’% — ZL’% — 333)(91 + 2%11’282 + 2:]31CE383 + 2(1‘3S4th5 - %2)84 - 2$3C4a5 - 2551;1548
5
+ (C4C5 — 2581:1?7)87 + (S4Ch6 — ¢yshyshg — 2931588)68 + (C4S5C6 + S48 — 2:171569)89 + 221010,
Ko = 2012001 + (azg - :v% - x§)82 + 2xox305 + 2(x1 + x3¢4ths)0s + 2238405 — 23’:4 s
5

— (845 + 2x227)07 + (848586 + CaCe — 2x8x2)0s + (Ca86 — 8485C6 — 2Taxg)dy + 222010,

K3 = 2212301 + 2202302 + (x% — JJ% — I%)ag — 2(513184 + $2C4)th584 + 2(331(34 — .13284)85
2184 + TaC
+ 2%6@3 — (S5 + 2173567)(97 — (C586 + 2:1781’3)68 + (C5C6 — 2:1791’3)89 + 2:173310,
5

D = 2101 + 2205 + 1303 — x707 — 1803 — 190y + O10.
Rgeneric(c(Qv 1))

Plzalv
P2:827
P3 = 03,

Ji2 = 1201 — 2102 + Oy,
S
Ji3 = — 301 — 2103 + S4t504 + €405 + 0*436,
5

c
Jog = — 1302 — 203 + Cats 0y — 5405 + *436,

L3584

K1 ( LL’Q + 1'3)(91 + 221315[:2(92 + 2$11‘383 — 2($2 + x35415 )84 — 21‘3C48r — 2766
Cs
+ (cachs — 2x127)07 + (sachg + cashsshe — 2x125)0s + (sashe + cashschg — 22129)0g + 221010,
C
Ko = 2212901 + ($2 + l‘3 — .131)62 + 2wox303 — 2(1‘304'65 — 33‘1)84 + 2138405 — 21‘3 48

Cs
(2.’1}21’7 + S4Ch5)a7 + (C4Ch6 — g4shsshg — 2372-'178 88 + <C4Sh6 — s4shschg — 2.%’2379)89 + 219010,
K3 = — 2012301 — 2202302 — (:cl + mQ + x3)5‘3 + 2(t5(z184 + x2¢4)04 + 2(z104 — T284)05
S4 + x2C
+ 2%8@ + (2%31’7 + Sh5)87 + (Ch5Sh6 + 2$3$8)ag + (Ch5Ch6 + 2x3x9)39 — 223010,
5
D = 2101 + 209 + 1303 — 1707 — £303 — 1909 + O1g.
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