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Higher-Spin Triplet Fields and String Theory

D. Sorokin

Abstract

We review basic properties of reducible higher-spin multiplets, called triplets, and demonstrate how they naturally appear

as part of the spectrum of String Field Theory in the tensionless limit. We show how in the frame-like formulation the

triplet fields are endowed with the geometrical meaning of being components of higher-spin vielbeins and connections and

present actions describing their free dynamics.

1 Introduction

It is a pleasure to write this contribution on the occa-
sion of the anniversary of Jiri Niederle. As a topic I
have chosen a subject to which Professor Niederle and
his collaborators have contributed with several inter-
esting papers [1, 2, 3]. It concerns higher spin field
theory. In particular, I would like to discuss a sys-
tem of higher spin fields which are called triplets. The
physical states of triplet fields describe massless parti-
cles of decreasing spins. In the bosonic case the phys-
ical states of a triplet have spins s,s —2,s —4,...,1
or 0 and the physical states of a fermionic triplet
have spin s,s — 1,5 — 2,...,1/2. In other words the
triplets form reducible Poincaré group multiplets of
massless higher-spin particles. As we shall see, they
naturally arise in a tensionless limit of String Field
Theory [4, 5, 6, 7, 8, 9, 10] as sets of three tensor
fields (and this is where their name comes from [8]).
We shall also discuss basic group-theoretical and geo-
metrical properties of the higher-spin triplets revealed
in [11].

Let us start with a brief generic discussion of prob-
lems of Higher Spin Field Theory. The construction
of a consistent interacting theory of higher-spin fields
is one of the oldest long standing problems in theo-
retical physics of particles and fields. Since the early
1930s, it has been addressed by many distinguished
theorists including Majorana, Dirac, Fierz & Pauli,
Rarita & Schwinger, Bargmann & Wigner, Fang &
Fronsdal, Weinberg, Velo & Zwanziger, Aragon &
Deser, Singh & Hagen, de Wit & Freedman, Fradkin &
Vasiliev and (later on) by many others’.

The main problem of Higher Spin Field Theory is
the construction of consistent interactions of higher-
spin fields. Higher-spin interactions, e.g. with electro-
magnetic field and gravity, must respect gauge sym-
metries and be consistent with quantum mechanical
principals such as unitarity, causality, etc.

To solve the problem of higher-spin interactions
one first looks for a most appropriate description of
free higher-spin fields which would allow for general-

ization to an interacting theory. Revealing the group-
theoretical and geometrical structures underlying this
theory is of great importance. Until now, the most
successful general approach to the construction of non-
linear (i.e. interacting) classical higher-spin field equa-
tions has been the so-called unfolding techniques put
forward by M. Vasiliev [18, 19] (see [12] for a review
and references).

Great efforts have been made in studying both,
massive and massless, higher-spin field theories. Jiri
Niederle has concentrated, in particular, on study-
ing electro-magnetic interactions of massive higher-
spin fields, which, actually, reveal major issues of the
generic problem [2, 3].

It would be very interesting and very important
for the further development of this subject to compare
the results obtained in the construction of higher-spin
interactions with the structure of a known example
of consistent higher-spin field theory which is String
Theory?. People have worked in this direction since
the early years of String Theory, and this is how, for
example, the system of higher spin triplet fields was
first found [4]. So let us make a very short overview of
the place of the higher-spin fields in String Theory.

2 String Theory as a theory of
interacting massive
higher-spin fields

String excitations give rise to an infinite number of
fields of increasing spin and mass, the mass of a string
state being a linear function of its spin (Regge tra-
jectory) with the proportionality coeflicient being the
string tension 7. For instance, in open string theory
we have

M? ~T(s—1) (2.1)

The infinite tower of higher-spin string states plays a
crucial role in ensuring a smooth ultraviolet behav-
ior (or even UV finiteness) of superstring theory, thus
making it a consistent theory of quantum gravity, since
gravity is an intrinsic part of String Theory.

IFor reviews on various aspects of Higher Spin Field Theory and references see e.g. [12, 13, 14, 15, 16, 17].
2Let us recall that String Theory emerged as a proposal to explain (among other things) the mass-spin dependence (known as Regge
trajectory) of higher-spin hadronic resonances observed in experiments in the 1960s.
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In String Theory the higher-spin excitations are
massive, but our experience in the quantum field the-
ory of vector fields teaches us that for quantum consis-
tency the mass of the vector fields should be generated
as a result of spontaneous breaking of a symmetry of
massless vector fields. If one tries to extrapolate this
statement to String Theory, then the natural question
arises whether String Theory can be a spontaneously
broken phase of an underlying gauge theory of mass-
less higher-spin fields. From eq. (2.1) we see that the
mass tends to zero in the limit in which the string ten-
sion goes to zero. So people have tried to answer this
question by taking a tensionless limit of String The-
ory (see, e.g. [20, 21, 22, 23] for various aspects of the
tensionless string limit and higher-spin theory).

One can try to deduce the structure of higher-spin
field interactions from the action of String Field The-
ory. E.g. the action of Open String Field Theory
has the following schematic Chern-Simons-like form
(see [24] for more details)

Sopen string — <(I)|Q‘(I)> + |®>3 (22)

where |®) is a string field and @ is a BRST operator
associated with the symmetries of String Theory.

Due to the complexity of the problem, only terms
in the Lagrangian describing a system of free massless
higher-spin fields have been obtained from the String
Field Theory action so far. As we have already men-
tioned, this system of massless fields was first obtained
by S. Ouvry and J. Stern in 1986 [4]. The simplest
triplet consists of a symmetric tensor or (in the case of
half integer spins) tensor-spinor fields of rank s, s — 1
and s — 2

Gmyom, (@), Oy 1 (@), Dy o (2) - (2:3)

where the indices m = 0,1,...,D — 1 are indices of
space-time of dimension D. The spectrum of the phys-
ical states of these fields consists of particles of decreas-
ing spin:

s,s—2,s—4,...,1 or 0 —in the case of bosons

s,8—1,8—2,...,1/2 — in the case of fermions.

Since each value of spin corresponds to an irreducible
representation of the Poincaré group, the triplet of the
fields (2.3) describes a reducible multiplet of higher-
spin states.

3 Massless higher-spin triplets
from String Theory

Let us consider how the equations of motion of the
triplet fields (2.3) arise in the tensionless and free field
limit of String Field Theory. In the tensionless limit
T — 0, the nilpotent open bosonic string BRST oper-
ator is (see e.g. [9])

k

= copmp™ + (ck man — —bockck>, 3.4
Q = copmp I; Pmay = 3 (3.4)
k==£1,+2,...,400 Q=0
where p,, is the momentum of string center-of-mass,
ay’ are string creation (for k¥ < 0) and annihilation (for
k > 0) oscillator operators (with |k| = 1,2,..., 00 la-
belling the Regge trajectories), ¢y and ¢j are string
reparametrizaition ghosts, and by and by are anti-
ghosts. The (anti)commutator relations satisfied by
the operators are

lai,a'] =k diyron™, {ck,bi} = Oky10- (3.5)

A string field is a sum of an infinite number of higher-
spin fields generated by acting on the string vacuum
with all possible combinations of creation operators

©) = 3 G (@) - (3.6)

aman...ap...aqc...b...b|0>.

Now, one may ask the question, do independent
finite subsets of higher-spin fields exist inside (3.6)
which satisfy (at least linearized) string field equations
of motion that follow from the action (2.2)? The linear
field equations are

Ql®) =0. (3.7)

Because of the nilpotency of the BRST operator, they
are invariant under the BRST gauge transformations

Q*>=0. (3.8)

To extract from (3.6) a finite independent set of fields
satisfying eq. (3.7) let us pick up string states corre-
sponding to a single Regge trajectory (e.g. k=1) and
cut this trajectory at a level of spin s. Then it turns
out that the string field (3.6) reduces and splits into
independent pieces each of which is the sum of three
terms

6|®) = Q[A),

|<I>>triplet = Qmy-m. (33) ™ "'an |O> + (3-9)
Cinyevom, () @ - a{ 7" cob1 |0) +

Dml"'m572(x) G‘Tll e aT572 c—1b_1 ‘0> .

S
—

By independent we mean that each set of fields (3.9)
independently satisfies the string field equation (3.7).
Symmetric tensor fields ¢,(z), Cs—1(z) and Ds_a(z)
form the simplest bosonic higher-spin triplet which
satisfies entangled equations of motion that follow
from (3.7), namely:

Dqsmlmmﬁ O = an an
Crmyeomey = 0" Gpmyooome_y — (s = 1) -

a(mﬁq Dmr"mkz) ’
ODmyomyy = SO Crmyooomy_ss (3.10)

= Sa(ms lemms_l) )
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where (mq ---mjp) denotes the symmetrization of the
indices with weight -

Equations (3.10) are invariant under the gauge
transformations with a local symmetric parameter
Amy.oom,_, (x) that follow from the BRST symmetry
(3.8):

(5¢m1...m5 = Sa(ms Am1"'ms—1) 5
0Cmymay = B,y
8 Doy = O™ Ay s (3.11)

From the second of eqgs. (3.10) we see that Cs_1 is an
auxiliary field which is expressed in terms of deriva-
tives of ¢5 and D,_1, and from the form of the gauge
variation of Ds_1 we see that this field is a pure gauge.
Thus, all physical degrees of freedom are contained in
the field ¢p,...m.(z). As we have already mentioned
and as follows from the analysis of egs. (3.10)—(3.11)
[9], the physical degrees of freedom of ¢y, ...m, () are
particle states of spin s, s —2, s—4, ..., 1 or 0 (de-
pending whether s is even or odd).

A question which can now be addressed is whether
the triplet fields may have some geometrical nature?

4 Geometrical meaning of HS
triplet fields. Frame-like
formulation

Higher Spin Field Theory is a gauge theory. Un-
derstanding its underlying group-theoretical and ge-
ometrical structure is of great importance for making
progress in solving the higher-spin interaction prob-
lem. Understanding the geometrical nature of the
triplets is part of this generic problem. As far as
the physical field @, ...m. (z) is concerned, its group-
theoretical properties resemble very much the met-
ric field of General Relativity. The gravitational field
gmn () is symmetric and it transforms under linearized
diffeomorphisms as a gauge field

0Gmn = Om én ('r) + On Em ('r)’

which is similar to the transformation properties (3.11)
of ¢m1~~~ms (.’E)

What about auxiliary fields Cs_1(x) and Dy_o(z)?
Can they be related to other geometrical quantities,
such as a generalized Christoffel symbol, i.e. a higher-
spin connection associated with the higher-spin local
symmetry? The answer to this question is positive.
The geometrical nature of the triplet fields manifests
itself rather clearly in the frame-like formulation [11]
which is the generalization to higher-spin fields [25, 26]
of the Cartan-Tamm-Weyl formulation of gravity in
terms of vielbeins and spin connections.

In the frame formulation of gravity the gravita-
tional field is described by a vielbein one-form

et =dz™ e, *(x), (4.12)
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which carries the tangent space Lorentz index. In this
formulation, in addition to the local diffeomorphisms,
the theory of gravity possesses local Lorentz symmetry

Set(z) = e &% (x), (4.13)

where £, = —&, is a parameter of local Lorentz
transformation. The gauge field associated with local
Lorentz symmetry is the spin connection

w? = dz™ w?(z) = —wbe, (4.14)

which transforms under the infinitesimal local Lorentz
transformations as follows

§w® =de® — % w4+ 0w (4.15)
The metric field g,,,, is composed of the vielbeins
Gmn = €2, €2 Nap. (4.16)

In the linear approximation, in which e,,* = 62, +
ém®(z) and gmn = Mmn + Jmn (), eq. (4.16) reduces
to

f]ab = €qb + Cpa - (417)
Note that in the linear approximation there is no dis-
tinction between world indices m,n,... and tangent

space indices a, b, . ..

The Einstein gravity is characterized by the so-
called torsion-free constraint which relates the vielbein
and spin connection

de® +ebwy®=0. (4.18)

By analogy with the frame formulation of gravity,
in the frame-like formulation of higher-spin field theory
[25, 26] one introduces a higher-spin vielbein one-form,
which is symmetric in the s — 1 tangent-space indices,

el = (g e, 41741 (4.19)
and the higher-spin connection
Wi as=1b — g aras-1b (4.20)

which is symmetric in the indices a1 - - - as—1 and sat-
isfies the following properties: i) the symmetrization
of all of its tangent-space indices a and b brings zero

wlara—1b) = o (4.21)
and ii) the trace of the index b with any of the indices
a is zero

waee=1by =), (4.22)

The properties (4.21) and (4.22) of the higher-spin con-
nection are somewhat analogous to the antisymmetry
property of the spin connection (4.20). To describe sin-
gle higher-spin fields, one should impose on the higher-
spin vielbein and connection stronger trace-less condi-
tions (see [12, 11] for a review and references)

1Az as—1 Nayas = 07 (423)

alagmas_lb O

w " Naias
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If eqs. (4.23) are satisfied, then the traceless condi-
tion (4.22) for w follows from (4.23) and (4.21). As
has been shown in [11], the reducible triplet multi-
plets are described by e and w which are not subject
to the traceless constraints (4.23) and w satisfies a less
restrictive constraint (4.22).

As in the case of Einstein gravity, we also assume
that the higher-spin vielbein and connection satisfy
the torsion-free condition

d e a1 _ g e iby (4.24)

The torsion-free condition is preserved under the fol-
lowing variation of e and w, which are local gauge sym-
metries of the frame-like formulation

SeMas—1 —

dgalma”’l(x) . (S _ 1) €a1~~~a571’b(.’£) Thmb,
S dem1b _ (4.25)

dgnas-1b(g) — (s — 2) Mot gy p

where the parameter £~ is symmetric, the pa-
rameter £%%~1%(3) has the same symmetry proper-
ties as w and the parameter £ %-1:*¢ ig symmetric in
the indices a; - --as—1 and (separately) in the indices
be. In addition, the symmetrization in £ @s-1:b¢ of
either b, or ¢ with all a gives zero, and the trace of b
or ¢ with any a also gives zero.

The higher-spin triplet fields (3.9) turn out to be
components of the higher-spin vielbein and connec-
tion [11]. The relation is as follows

¢a1mas _ em(al...as_l nas)m’
Dal"'aa‘72 — emal"'aa‘72aa‘71 5;72_1 (426)
Ca1"-as—1 — (S _ 1)w;1n1"'as—17m + am ema1"-as—1 .

The relation (4.26) between the two sets of fields has
been established in [11] by comparing their gauge
transformations and equations of motion in the frame-
like and metric-like formulation. In the frame-like
formulation, for the higher-spin vielbein and connec-
tion the equations of motion are the torsion-free con-
dition (4.24), which allows one to express the com-
ponents of w in terms of derivatives of e, up to the
Stueckelberg gauge transformations with the param-
eter 117415y of eq. (4.25), and the following
differential equation on w

00w s o)) 0 Wby, )" +

o wd;nl...n§,2)[d,m] =0, (4.27)

)

where the indices separated by ‘;’ are world indices,
i.e. they correspond to the index m in (4.20). This
equation is the dynamical field equation of the higher-
spin vielbein, when w is expressed in terms of de in
virtue of the torsion-free conditions.

The equations of motion (4.24) and (4.27) can be
obtained from the action which generalizes to higher-
spin fields the action for gravity in the frame formula-
tion. In any dimension D > 1 the gravity action can

be written as an integral over the differential form

1
S[ea,wab] =3 /MD e ... e"P e, ap_abe Rbc =
(4.28)
1

a ap— be b de
— e ... e 284, ap_sbe (AW + W’ qw),
2 MD

or up to a total derivative

1

b _

Sle*,w®] == . €ay...ap_sdbc €™t ... eMP73 .
M

((D —2)det Wb + el Wby wfc) =
(4.29)

D -2
_— €a1...ap_sbed e . .e%P-3.
2 MD

1
(deb de _ 5 ef wa)wcd7

where the wedge product of the differential forms is
assumed.

The higher-spin generalization of the linearized gravity
action (4.29) in Minkowski space is

S = dax™ ...
MD

(denl...ns_w _

dzP-3 €ay...ap_3pgr * (430)

s—1

T

ny..sg—2 m
dxmw s—2P; )wnl...ns,z%

This action is a straightforward generalization of the
four-dimensional action of [25]. The torsion-free con-
dition (4.24) and the dynamical equation (4.27) are
obtained by varying eq. (4.30) with respect to w and
e, respectively.

Let us recall that if in equations (4.24), (4.27) and
(4.30) the higher-spin vielbein and connection together
with corresponding gauge symmetry parameters were
subject to the additional traceless condition in their
symmetric target-space indices (4.23), the frame-like
formulation based on the action (4.30) would describe
irreducible physical states corresponding to massless
particles of single spin s (see [11] for more details).
It is a certain relaxation of the trace constraints on
the higher-spin vielbeins and connections which ex-
tended the irreducible higher-spin system to the re-
ducible (triplet) higher-spin multiplet. It should also
be noted that because of the peculiarity of the form
of the frame-like action (4.30), which is constructed of
the wedge product of one-forms w and (the differen-
tial) of e, it describes the higher-spin triplets whose
physical states have spins s, s — 1, ..., 3 or 2. The
scalar and the vector fields can nevertheless be added
to this construction in a conventional way (see [12, 11]
for more discussion of this point).

An analogous formulation has been constructed in
[11] for the fermionic higher-spin triplets describing
physical states of spin s,s — 1,...,3/2. As in the
bosonic case regarding the scalar and the vector states
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of the triplets, the field of spin 1/2 can be included
into this construction as an independent field.

The action for the fermionic triplets is of the first
order in derivatives of the fermionic one-form

/(/)al"'as—l/Q)a = dz™ ,(/);”nl”'as—l/%o‘ , (431)
where « is the spinorial index and s is now a half-
integer. The field 1 is symmetric in the indices a. In
a D-dimensional flat space-time the fermionic triplet

action in the frame-like formulation has a very simple
form

S =1 dz® ... dz®P2 €4, ap_spqr
MD

<¢d1...d AP dy™ ot (4.32)
s—5

3\ - dy...d
6 (S - 5) ¢d1---d57%pryqdw ! S_gT> 5

It is invariant under the following local transforma-
tions of the field 1

0tay.a,_5 = (4.33)

3
Aara 5 — (s - 5) A’ oo b
2 2

with the tensor-spinor parameter 7 , . , having
s—5 ’
the following symmetry properties
gal...ag_% b = g(al...as_%),b ) (434)

g(al...a57§ b)) — 0,
2

and being subject to the (gamma)-traceless constraints
with respect to the index b

b ai...a 5b

e TR =0 M8 =0, (4.35)

If the fermionic one-form v and the fermionic pa-
rameters of the gauge transformations (4.33) were (in
addition) gamma-traceless in the indices a, the action
(4.32) would describe a single (irreducible) higher-spin
field of spin s.

The frame-like formulation of the bosonic and
fermionic higher-spin triplet fields considered above
can be generalized to describe these fields in the anti-
de Sitter space [11]. In particular, the use of the frame-
like formulation has allowed us to overcome technical
difficulties encountered in [9, 27] and to obtain in [11]
a description of the fermionic higher-spin triplets in
AdS. This is a first step towards the study of consistent
interactions of fermionic triplets, since, as has been
known for a long time, a consistent theory of interact-
ing massless higher-spin fields should be formulated in
a space-time background of constant curvature, like
the AdS space.
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5 Conclusion

We have seen how a triplet system of fields of spin
s, —2...,1 or 0 appears in a truncated action for
String Field Theory. Using the frame-like formulation,
we endowed these fields with a geometrical meaning
of higher-spin vielbeins and connections subject to a
torsion-free condition and transforming under higher-
spin local symmetries. The frame-like actions for the
bosonic and fermionic triplet fields have been con-
structed in flat and AdS spaces. It is of great interest
and importance to generalize these results by analyz-
ing possible interactions of the higher-spin triplet fields
(see [17, 28] for a recent discussion of this issue and
references). This would give a new insight into the
structure of Higher Spin Field Theory, String Theory
and AdS/CFT correspondence.
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