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1. INTRODUCTION

This work has a certain history related to Miloslav
Havlicek. On the important occasion of Miloslav’s
75th birthday, we think this story should be re-
vealed. About 25 years ago, when quasi-exactly-
solvable Schroedinger equations with the hidden alge-
bra sly were discovered [I], one of the present authors
(AVT) approached Israel M. Gelfand and asked about
the existence of the algebra gl, 1 of matrix differ-
ential operators. Instead of giving an answer, Israel
Moiseevich said that M. Havlicek knows the answer
and that he must be asked. A set of Dubna preprints
was given (see [2, B] and reference therein). Then
AVT studied them for many years, at first separately
and then together with the first author (YuFS), who
also happened to have the same set of preprints. The
results of these studies are presented below. While
carrying out these studies, we always kept in mind
that a constructive answer exists and is known to
Miloslav. Thus, we are certain that at least some of
results presented here are known to Miloslav. Hav-
ing difficulty to understand what is written in the
texts we did not know what he really knew, and were
therefore unable to indicate it in our text. Our main
goal is to find a mixed representation of the algebra
gln+1 which contains both matrices and differential
operators in a non-trivial way. Then to generalize it
to a polynomial algebra which we call g™ (see below,
Section 4). Another goal is to apply the obtained rep-
resentations for a construction of the algebraic forms
of (quasi)-exactly-solvable matrix Hamiltonians.

2. THE ALGEBRA g¢l,, IN MIXED
REPRESENTATION

Let us take the algebra gl,, and consider the vector
field representation

Eij:x¢8j7 i,jzl,...meR". (1)
It obeys the canonical commutation relations

[Eij, Ev) = 0By — uEk;. (2)
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On the other hand, let us consider another representa-
tion Mpm, p,m =1,...,n of the algebra gl,, in terms
of some operators (matrix, finite-difference, etc) with
the condition that all ‘cross-commutators’ between
these two representations vanish

[Eij7 pm} =0. (3)

Let us choose M, to obey the canonical commutation
relations

[Mij, My] = 050 My — 65 My, (4)

(cf. [@)). It is evident that the sum of these two
representations is also the representation,

Eij = Eij + My € gl,. (5)

Now we consider an embedding of gl,, C gl,,+1 try-
ing to complement the representation of the alge-
bra gl,, up to the representation of the algebra gl,, ;1.
In principle, this can be done due to the existence of
the Weyl-Cartan decomposition,

g1 =L (gl o) oU
with the property
gln—H =Lx (gln D I) X Uv (6)

where L(U) is the commutative algebra of the lowering
(raising) generators with the property [L, U] = gl,, ® 1.
Thus, it realizes a property of the Gauss decomposition
of gl,41. It is worth emphasizing that dim(L) =
dim(U) = n.

Obviously, the lowering generators (of negative grad-
ing) from L can be given by derivations

0
8%1"

T~ = 8i7

?

i:l,...,n, 8l

(7)
(see e.g. [5]) when assuming that all commutators

[Ti_7 Mpm] =0, (8)
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vanish. This probably implies that the only possible
choice for M, exists when they are either given by
matrices or act in a space which is a complement to
xz € R™. It is easy to check that

[E”,T’:] = —éiij*.

Now we have to add the Euler-Cartan generator of
the gl,, algebra, see @

—E() :ijaj —k‘, (9)
j=1

where k is arbitrary constant. Raising generators from
U are chosen as

— T;r = —CUZ‘EQ + Z-TjMij

Jj=1

:mi(zwjaj—k)-f—Z.TjMij, 1=1,...,n.
=1 j=1

(10)

(cf. for instance [5]). Needless to say that one can check
explicitly that T, , F;;, Fo, TiJr span the algebra gl,,11.
In particular,

[E,TH]=T*

)

and

[T;7,T;] = Ei — 6 Eo.

If parameter k takes non-negative integer the alge-
bra gl,,+1 spanned by the generators , @, @,
appears in a finite-dimensional representation. There
exists a linear finite-dimensional space of polynomials
of finite-order in the space of columns/spinors of finite
length which is a common invariant subspace for all
generators , , @[), . This finite-dimensional
representation is irreducible.

The non-negative integer parameter k has the mean-
ing of the length of the first row of the Young tableau
of gl,,+1, describing a totally symmetric representa-
tion (see below). All other parameters are coded in
M;;, which corresponds to an arbitrary Young tableau
of gl,,. Thus, we have some peculiar splitting of the
Young tableau.

Each representation is characterized by the Gelfand-
Tseitlin signature, [Mmin,...Mpy], where my, >
M;41,, and their difference is positive integer. Each
basic vector is characterized by the Gelfand-Tseitlin
scheme. An explicit form of the representation is given
by the Gelfand-Tseitlin formulas [4].

It can be demonstrated that all Casimir operators of
gly41 in this realization 7 , @D, are expressed
in M;;, and thus do not depend on x. They coincide
with the Casimir operators of the gl,,-subalgebra real-
ized by matrices M;;.

3. EXAMPLE: THE ALGEBRA g¢l3 IN
MIXED REPRESENTATION
In the case of the algebra gl3, the generators , ,
@, take the form
E11 = 2101 + M,
Eig = 2102 + M2,
Eo =k — 2101 — 2205,
17 =01, T, = 0o,
Tl+ = $1(k — 101 — 25252) — 21 My — 2o Mo,
T2+ = wx9(k — 101 — x202) — x1 Moy — xaMoy. (11)

Eoy = 1900 + Moo,
Eo1 = 2201 + Moy,

The Casimir operators of gls in this realization are
given by

C1 = En+ Eoy + Eg = k+ My + My = k+ C1 (M),
Cy = E12Eo1 + En B + T1 Ty + Ty T + T5 Ty
+ Ty Toh + B}, + E%, + E5 = k(k +2)
+ MP + M3, + Mia Moy + Moy Mo
— Miy — Moy = k(k +2) + C2(M) — C1(M),

and, finally,
1 5 3 2
Cy = —501 + 50102 +3Cy — 2C7 — 2.

In this realization, the Casimir operator Cj is alge-
braically dependent on Cj and Cs. In fact, C; and
Cs are nothing but the Casimir operators of the gl
sub-algebra. Therefore, the center of the gl3 universal
enveloping algebra in realization is generated by
the Casimir operators of the gly sub-algebra realized
by M;;. Thus, it seems natural that these reps are
irreducible.

Now we consider concrete matrix realizations of the
gla-subalgebra in our scheme.

3.1. REPS IN 1 X 1 MATRICES
This corresponds to the trivial representation of glo,

My = Mya = Moy = Mz = 0.

This is [k, 0] or, in other words, a symmetric represen-
tation (the Young tableau has two rows of length k
and 0, correspondingly). We also can call it a scalar
representation, since the generators

By = 2101, Eay = 120,

Ei3 = 1109, E91 = x204,
Ey=k— 12101 — 2900,

T, =oh, T, = 0o,

Tfr = x1(k — 2101 — 2202),

Ty = z9(k — 2101 — 2209), (12)

act on one-component spinors or, in other words, on
scalar functions (see e.g. [5]). The Casimir operators
are:

Cy=k(k+2).

463



Yu. F. Smirnov, A. V. Turbiner

AcTA POLYTECHNICA

If parameter k takes non-negative integer the algebra
gl spanned by the generators appears in finite-
dimensional representation. Its finite-dimensional rep-
resentation space is a space of polynomials

Pro = <x1p1x2p2 0<pi+p: < k>7 k=0,1,2,....

(13)

Namely in this representation , the algebra gl3
appears as the hidden algebra of the 3-body Calogero
and Sutherland models [5], BCy rational and trigono-

metric, and G2 rational models [6] and even of the
BC, elliptic model [1].

3.2. REPS IN 2 X 2 MATRICES

Take gl in two-dimensional reps by 2 x 2 matrices,

1 0 0 0
My = (0 0) ) Msy = (0 1) ,

0 1 0 0
Mip = <0 O> ) My = (1 0) )

Then the generators of gl are:

(a0 (% 0
Tl‘(o al>’ T?‘(o az>’

. (x165+1 xloal)’ B (x1032 x1182)7
= (V) = (T o)
a(3 )

(ML)

T = (m;ll xQ(AO— 1))’ (14)

where A = k—2x10;—x202. This is [k, 1]-representation
(the Young tableau has two rows of length &k and 1,
correspondingly), and their Casimir operators are:
Cy=k+1, Cy = (k+1)%

If parameter k£ takes non-negative integer the algebra
gl3 spanned by the generators appears in finite-
dimensional representation.

Let us consider several different values of k in detail.

The case k = 1.
tation space V1(2) appears to be spanned by:

e} el ne[3)

This corresponds to antiquark multiplet in standard
(fundamental) representation. The Newton polygon
is a triangle with points Py as vortices at the base.

Then three-dimensional represen-
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FIGURE 1. Newton hexagon for the representation
space V4(2) of the [4,1]-representation of dimension
24.

The case k = 2.
tation space V2(2) appears to be spanned by:

pP_ = 0 ) P+ = ! ) Pil) = 0 )
1 0 xTo
0 x T
v _ v _ 2] o _[m
1 |:.’L'1:|, 1 0 9 + 0 )

s 2] ool

—XL1L2

Then eight-dimensional represen-

This corresponds to octet in standard (fundamental)
representation. Space V2(2) contains V1(2) as a sub-
space, V1(2) C VQ(Q). It should be mentioned that
Y, = —Yl(l) + Y1(2). Now the Newton polygon is a
hexagon where the central point is doubled, being
presented by Yl(l’Q), and the lower (upper) base has
length two being given by Py (Y3 3).

The case kK = 3. The representation space V3(2) is

15-dimensional. In addition to Pi,Pj(El) and Y1(1’2)
(see and (16)), it contains several vectors more,

namely,
0 x?
P(Q): P(Q): 1 17
G A R

which are situated on the =4-sides of the Newton
hexagon, doubling the points corresponding to Y5 3

(see (16))
0 x2
-] [
T1X2 0

1 0 2 1%
R Y o i PR

plus three extra vectors on the boundary

.’EB $(E2 (E2{17
Y8:|: 22:|7 Y9:|: 122:|7 Y10:|:132:|°

—T1T3 —X1T2
It is clear that Vl(z) C V2(2) C V3(2). All internal points
of the Newton hexagon are double points, while the
points on the boundary are single ones.
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The general case. The finite-dimensional repre-
sentation space Vk@) has dimension k(k + 2) and is
presented by the Newton hexagon, which contains
(k + 1) horizontal layers. The lower base has length
two, while the upper base has length k (see Fig. |1] as
an illustration for k£ = 4). All internal points of the
Newton hexagon are double points, while the points
on the boundary are single ones. Except for k vectors
of the last (highest) layer of the Newton hexagon, the
remaining k(k 4 1) vectors span the space of all pos-
sible two-component spinors with components given
by the inhomogeneous polynomials in z1, zo of degree
not higher than (k¥ — 1). We denote this space as
‘7,6(2) C Vk(z). The non-trivial task is to describe k vec-
tors of the last (highest) layer of the hexagon. After
some analysis one can find that they have the form
ak—igi
Ykt 1)4i = [xlgzi—liiﬂ]a

i=0,1,2,...,(k—=1), (20)

hence they span a non-trivial k-dimensional subspace
of spinors with components given by specific homoge-
neous polynomials of degree k.

3.3. REPS IN 3 X 3 MATRICES
Take gly in three-dimensional reps by 3 x 3 matrices,

JUQA 0 0
—V211 x2(A-1) 0
0 —\/Qxl CL’Q(A — 2)

where A = k—x10;—x20,. This is [k, 2]-representation
(the Young tableau has two rows of length &k and 2,
correspondingly) and their Casimir operators are:

Ty = (21

Cr=k+2, Cy=(k+1)*+3.

As an illustration let us explicitly show finite-
dimensional representation spaces for k = 2, 3.

The case k£ = 2.
sentation space V2(3) appears to be spanned by:

Then the six-dimensional repre-

This corresponds to ‘di-antiquark’ multiplet.

The case k = 3.
tion space V;3) appears to be spanned by:

Then 15-dimensional representa-

0 0 1
P =|0], Po=(1|, P. =10},
1 0 0
0 0 i)
vy~ [a], v@=[0o], v0={0],
0 I 0
0 0 X1
i =|z], PP=(0], PP={0],
0 T2 0
—V/ 222 0
Yé(l) = $1$22 5 Yg(z) = 1T N
0 —\/ix%
0 2.’E1$2
Yi=|—v222 ], Ys=|—-v22? ],
2£L’1$2 0
x5 173
Yo = | —V2r23 |, Yr=|-v2222, (23)
2229 x3

2 00 0 0 O
My;=(0 1 0], Myy=10 1 0],
0 0 O 0 0 2
0 v2 0 0 0 0
M12 = 0 0 \/§ , M21 = \/é 0 0
0 0 0 0 v2 0
Then the generators of gl are:
0t 0 0 d 0 0
Iy =(0 o 0), Ty =(0 02 0],
0 0 61 0 0 a2
101 + 2 0 0
FEqi = 0 101 +1 0 s
0 0 ZL'161
1182 \/§ 0
Eiy = 0 x0 V2,
0 0 117182
33281 0 0
Eoyy=| V2 2201 0 ,
0 \/§ I'Qal
33282 0 0
Foy = 0 To0s + 1 0 ,
O 0 ang + 2
A 0 O
Ey=(0 A 0],
0 0 A
Z‘l(A - 2) 7\/5!172 0
T = 0 T (A—1) =2z |,
0 0 .731A

It is worth mentioning that as a consequence of
a particular realization of the generators of the
gls algebra there exist a certain relations between
generators other than those given by the Casimir
operators. The first observation is that there are no
linear relations between generators of such a type.
Some time ago nine quadratic relations were found
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FIGURE 2. Verma module with the lowest weight (057) for s = 5/2.

between gls generators taken in scalar representation
other than Casimir operators [8]. Surprisingly,
certain modifications of these relations also exist for
[kn] mixed representations (1],
— Tj By + Ty Erg = x1 [Magz104
+ My12202 + (M1 — k) May — Moy Mo
— LL’Q({Blal —k— 1)M12 — M21$§62 = —TlJr,
(24)
— T3 Eyy + Ty Eoy = 29[ Mag104
+ My12202 + (Moo — k) Myy — Mya Mo |
- 111(1‘282 —k— 1)M21 — Mlzmgal = —T;r,
(25)
— E1o(Eo+ 1) + T Ty
= Mlg(il}lal — ]C — 1) — Muxl@g = —E127 (26)
— B (Eo+ 1)+ Ty Ty
= Mgl(ﬁﬂgag — k‘ — ].) — MgglL'Qal = 7E21, (27)
TFTT — Eni(1+ Eg) = Myj2902

— Mypx20y — (k+1)Myy = —Eyp,  (28)
Ty Ty — En(1+ Eg) = Mapx10;
— Ms12102 — (k‘ =+ 1)M22 = —F59, (29)

E2Eo — Ev1Ey — E11 = Miax201 + M212102
— Mox101 — M112202 + M2 Moy

— My My — My = By, (30)
BT — BTy = Maody — Moy =Ty, (31)
BTy — EnTy = My — My = —T, . (32)

Not all these relations are independent. It can be
shown that one relation is linearly dependent, since

the sum of + + gives the second Casimir

operator Cs.
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In scalar case, at least, we can assign a natural (vec-
torial) grading to the generators. The above relations
also reflect a certain decomposition of the gradings,

(1,0)(0,0) = (0,1)(1,-1)
0,1)(0,0) = (1,0)(—1,0)

for the first two relations,
(1,-1)(0,0) = (1,0)(0,-1)
(—1,1)(0,0) = (0,1)(—1,0)

for the second two,

for the last two.

4. ALGEBRA ¢(™ IN MIXED
REPRESENTATION

The basic property which was used to construct the
mixed representation of the algebra gl, 41 is the ex-
istence of the Weyl-Cartan decomposition gl,+1 =
L@ (gl, ®I) ® U with property @ One can pose a
question about the existence of other algebras than
gln+1 for which the Weyl-Cartan decomposition with
property @ holds. The answer is affirmative. Let us
consider the important particular case of the Cartan
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algebra gl @ I, and construct a realization of a new
algebra denoted ¢(™) with the property

g(m) — Lm+1 X (ng EB I) X Um+17 (33)

where L,,(Up,) is the commutative algebra of the
lowering (raising) generators with the property
[Lin, U] = Prm—1(gla ®1) with P,,_; as a polynomial
of degree (m — 1) in generators of glo ® I. Thus, it
realizes a property of the generalized Gauss decompo-
sition. The emerging algebra is a polynomial algebra.
It is worth emphasizing that the realization we are go-
ing to construct appears at dim(Ly) = dim(U,,) = m.
For m = 1 the algebra ¢(!) = gl3, see @ Our final
goal is to build the realization of in terms of finite
order differential operators acting on the plane R2.

The simplest realization of the algebra gls by dif-
ferential operators in two variables is the vector field
representation, see at n = 2. Exactly this rep-
resentation was used to construct the representation
of the gls algebra acting of R?, see (11)), (12). In
this case dim(L,,) = dim(U,,) = 2. We are unable
to find other algebras with dim(L,,) = dim(U,,) > 2.
However, there exists another representation of the
algebra gls by the first order differential operators in
two variables,

j12 = 83?7
= k
Jl(lf) = —x0, + —,
3
jQ(’;) = —20; + sy0y,
jQ(’f) = 220, + sxyd, — ka, (34)

(see S. Lie, [9] at & = 0 and A. Gonzéalez-Lopéz et
al, [10] at k # 0 (Case 24)), where s, k are arbitrary
numbers. These generators obey the standard commu-
tation relations (2)) of the algebra gl in the vector field
representation ([1]). It is evident that the sum of the
two representations, jij and the matrix representation
M;;, is also a representation,

Jij = Jij + Mij € gly. (35)

(cf. ) It is worth mentioning that the gly algebra
commutation relations for M,,, are taken in a canon-
ical form . The unity generator I in is written
in the form of a generalized Euler-Cartan operator

Jék) = 20, + sy, — k. (36)

Now let us assume that s is non-negative integer,
s=m, m=20,1,2,.... Evidently, the lowering gener-
ators (of negative grading) from L,,1+1 can be given
by
T, =2'0,,

3

1=0,1,...,m, (37)

forming commutative algebra

[, 7] = 0. (38)

(cf. [9,[10]). Eventually, the generators of the algebra
(glo ®1) X Ly, 41 take the form

k
Ty = —x0, + 3t My,

I = —20, + myd, + Mo,

with Jék) and T, given by and , respectively.

Let us consider two particular cases of the general
construction of the raising generators for the commu-
tative algebra U.

Case 1. For the first case we take the trivial matrix
representation of the gls,

My = Mg = My = My = 0.

One can check that one of the raising generators is
given by

Uo = ya;n, (40)
while all other raising generators are multiple commu-
tators of Jélf) with Up,

U= (IS, 0801 9, 1) 1)

=y g P 1 1)

I +i—1), (41)

at i =1,...m. All of them are differential operators
of fixed degree m. The procedure for construction of
the operators U; has the property of nilpotency:

U;=0, i>m.

In particular, for m =1,
Up=y0,, Uy = yJék) =y(x0, +yoy — k).

Inspecting the generators 1j, Jij, J™ Uy 1 one can
see that they span the algebra gl3, see . Hence,
the algebra ¢! = gl5.

If parameter k takes non-negative integer the alge-
bra ¢(™ spanned by the generators , ,
appears in finite-dimensional representation. Its finite-
dimensional representation space is a triangular space
of polynomials

Pro = (2" 9y | 0 < p1 + mpy < k),
k=0,1,2,.... (42)

Namely in this representation, the algebra ¢(™) ap-
pears as a hidden algebra of the 3-body G2 trigono-
metric model [6] at m = 2 and of the so-called TTW
model at integer m, in particular, of the dihedral
I5(m) rational model [L1].
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Case 2. The second case is a certain evident exten-
sion when generators M;; are of an arbitrary matrix
representation of the algebra gl,. Raising generators
, remain raising generators even if Cartan
generators are given by with arbitrary M;; € gls.
However, the algebra is not closed: [T, U] # P(gla®1).
It can be fixed, at least, for the case m = 1. If M;; are
generators of gls subalgebra of gl3. By adding to T, U
generators , , the appropriate matrix gen-
erators from gl3, the algebra gets closed. We end up
with the gl3 algebra of matrix differential operators
other than . We are not aware of a solution to
this problem for the case of m # 1 except for the case
of trivial matrix representation, see Case 1.

5. EXTENSION OF THE 3-BODY
CALOGERO MODEL

The first algebraic form for the 3-body Calogero Hamil-
tonian [I2] appears after gauge rotation with the
ground state function, separation of the center-of-
mass and changing the variables to elementary sym-
metric polynomials of the translationally-symmetric
coordinates [5],

T2T3 T3T3

2
hcal = —27’2832,,_2 — 67’382 + 572282
— [4wTs 4+ 2(1 + 30)]8;, — 6wT30-,. (43)

These new coordinates are polynomial invariants of
the A; Weyl group. Its eigenvalues are

—€p :20.)(2]71 +3p2), P12 :0,1,.... (44)

As is shown in Ruhl and Turbiner [5], the operator
can be rewritten in a Lie-algebraic form in terms
of gl(3)-algebra generators of the representation [k, 0].
The corresponding expression is

_ _ 2
hcal = —2E11T] — 6E20T, + §E12E12
- 4&]E11 - 2(1 + 3Z/)T1_ - 6wE22 . (45)

Now we can substitute the generators of the represen-
tation [k, n] in the form

- 2
heal = —270%  — 67302+ 77225‘2

T2T2 T2T3 3 T3T3

—2[2wTs + (1+ 3v) + (n — 2M22)]0-,
4 2
— (60)7'3 — §M127'2)8-,—3 + §M12M12
— 4wn — QWMQQ. (46)

This is an n X n matrix differential operator. It con-
tains infinitely many finite-dimensional invariant sub-
spaces which are nothing but finite-dimensional repre-
sentation spaces of the algebra g¢l(3). This operator
remains exactly-solvable with the same spectra as the
scalar Calogero operator.

This operator probably remains completely inte-
grable. A higher-than-second-order integral is the
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differential operator of the sixth order (w # 0) or of
the third order (w = 0), which takes an algebraic form
after gauging away the ground state function in 7
coordinates. It can be rewritten in terms of the gl(3)-
algebra generators of the representation [k, 0], which
then can be replaced by the generators of the repre-
sentation [k, n]. Under such a replacement the spectra
of the integral remain unchanged and algebraic.

6. EXTENSION OF THE 3-BODY
SUTHERLAND MODEL

The first algebraic form for the 3-body Sutherland
Hamiltonian [I3] appears after gauge rotation with the
ground state function, separation of the center-of-mass
and changing the variables to elementary symmetric
polynomials of the exponentials of translationally-
symmetric coordinates [5],

2

(0% 044
hsuth = —(2772 + 7775 - ﬂng)@?m

4o’ 2 2, o? 2\ 92
= (6 T mhn + (578 = 508) O,

— {2(14—31/)—1—2 <V+ %) 0527’]2:| O, —2 (1/—|—%) 130y,
(47)

where « is the inverse radius of the circle on which
the bodies are situated. These new coordinates are
fundamental trigonometric invariants of the A; Weyl
group.

As shown in [5], operator can be rewritten
in a Lie-algebraic form in terms of the gl(3)-algebra
generators of the representation [k, 0],

_ 2
hsuth = —2E11T] — 6E2217 + §E12E12

4 2

@ a
—2(14+3v)Ty + ﬂEmEm . {3E11E11 +8E11Ea

4 3B By + (1+120)(Eyy + EQQ)}. (48)

Now we can substitute the generators of the represen-
tation [k, n] in the form

~ Oz2 a4
hsuth = —(2772 + 7775 - ﬂng)@?m

4o’ 2 2, o? 2\ 92
= (6 T mhn + (578 = 508) O,

— 2[(1 +3v) + (I/ + %)azng +(n— 2M22)] Ons

ot 1N 4
+ ﬂMng]gam + |:2 (I/ + 5)05 n3 — §M12772] 87]3
2

(6]
— ? [371(7728”2 + 7]387]3) + Mll’l]gans + M227723n2:|
+ gJ\/.I' Mo + a;lM M.
3 12 12 2 214V121

a2

- [2M11M22 F(1+ 120+ 3n)n] (49)
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This is an n X n matrix differential operator. It con-
tains infinitely-many finite-dimensional invariant sub-
spaces which are nothing but finite-dimensional repre-
sentation spaces of the algebra g¢l(3). This operator
remains exactly-solvable with the same spectra as the
scalar Sutherland operator.

The operator probably remains completely in-
tegrable. A non-trivial integral is the differential op-
erator of the third order, it takes the algebraic form
after gauging away the ground state function in 7
coordinates. It can be rewritten in terms of the gi(3)-
algebra generators of the representation [k, 0], which
then can be replaced by the generators of the repre-
sentation [k, n]. Under such a replacement the spectra
of the integral remain unchanged and algebraic.

7. CONCLUSIONS

The algebra gl,, of differential operators plays the
role of a hidden algebra for all A,,, By, C,, D,, BC,
Calogero-Moser Hamiltonians, both rational and
trigonometric, with the Weyl symmetry of classical
root spaces (see [14] and references therein). We have
described a procedure which, in our opinion, should
carry the name of the Havlicek procedure, to construct
the algebra gl, of the matrix differential operators.
The procedure is based on a mixed, matrix-differential
operator realization of the Gauss decomposition dia-
gram.

As for Hamiltonian reduction models with the ex-
ceptional Weyl symmetry group Ga, Fu, Fs 78, both
rational and trigonometric, there exist hidden alge-
bras of differential operators (see [14] and references
therein). All these algebras are infinite-dimensional
but finitely-generated. For generating elements of
these algebras an analogue of the Weyl-Cartan de-
composition exists but in the Gauss decomposition
diagram, a commutator of the lowering and raising
generators is a polynomial of the higher-than-one or-
der in the Cartan generators. Matrix realizations of
these algebras surely exist. Thus, the above mentioned
procedure for building the mixed representations can
be realized. It may lead to a new class of matrix
exactly-solvable models with exceptional Weyl sym-
metry.
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