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ABSTRACT. We consider a model of a planar PT-symmetric waveguide and study the phenomenon
of the eigenvalue collision under perturbation of the boundary conditions. This phenomenon was
discovered numerically in previous works. The main result of this work is an analytic explanation of
this phenomenon.
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1. INTRODUCTION AND MAIN RESULTS

In this paper we study a problem in the theory of PT-symmetric operators which has been studied rather
intensively after the pioneering works [I2H21I]. Our model is introduced as follows.

Let x = (x1,22) be Cartesian coordinates in R?, let Q be the strip {z : —d < 3 < d}, d > 0, and let
a = a(x1) be a function in WL (R). We consider the operator H, in Ly(Q) acting as Hou = —Au on the
functions u € W#(Q) satisfying the non-Hermitian boundary conditions

(%+ia)u20 on Of. (1.1)

It was shown in [I] that this operator is m-sectorial, densely defined, and PT-symmetric, namely,
PTHo =HoPT, (1.2)

where (Pu)(z) = u(x1, —x2), and T is the operator of complex conjugation, Tu = . It was also proven in [I]
that
H, =H_a, H, =THT =PHLJP. (1.3)

A non-trivial question related to H,, is the behavior of its eigenvalues. As a(x1) is a small regular localized
perturbation of a constant function, sufficient conditions were obtained in [I] for the existence and absence of
isolated eigenvalues near the threshold of the essential spectrum. Similar results for both regularly and singularly
perturbed models were obtained in [2H6].

Numerical experiments performed in [6, [7] provided a very non-trivial picture of the distribution of the
eigenvalues. An interesting phenomenon discovered numerically in [6] [7] was the eigenvalue collision. Namely, let
t € R be a parameter, then as t increases, operator H;, can have two simple real isolated eigenvalues meeting at
some point. Then two cases are possible. In the first of them, these eigenvalues stay real as t increases and they
just pass along the real line. In the second case, the eigenvalues become complex as t increases and they are
located symmetrically w.r.t. the real axis. The present paper is devoted to an analytic study of this phenomenon.

Suppose \g € R is an isolated eigenvalue of H,, € is a small real parameter, 3 € W2 (R) is some function.
Denote I'y. := {z : 2 = £d}. Our first main result describes the case when )¢ is an eigenvalue of geometric
multiplicity two.

Theorem 1.1. Assume A\g € R is a double eigenvalue of H,, 1/10i are the associated eigenfunctions satisfying

Wo TV e =1, (08, Tty 1) = 0. (1.4)
Suppose also
(b11 — bog)? + 43, # 0, (1.5)
=i [ [ Bt o b= [ 005 des [ Bt o
ha =1 [ puifus dn—1 [ pu; o (1.6)
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Then for all sufficiently small ¢ the operator Hq4cp has two simple isolated eigenvalues )\2E converging to Ay as
€ — 0. These eigenvalues are holomorphic w.r.t. € and the first terms of their Taylor series are

1/2

1 1
)\2: =X+ E/\{E + 0(52), /\1i = 5(()11 + bgg) + 5((()11 — b22)2 + 4[)%2) (17)

The second main result is devoted to the case when the geometric multiplicity of Ay is one but the algebraic
multiplicity is two.

Theorem 1.2. Let \g € R be a simple eigenvalue of H,, and let 1)y be the associated eigenfunction. Assume
that the equation

(Ha — Ao)do = o (1.8)
is solvable and there exists a solution satisfying
(0, TYo) o) 0, (b0, %0)L.(0) = 0. (1.9)
Then eigenfunction g can be chosen so that
(60, T¥0) Lo = 1, (¢0,%0)Lo(0) = 0, (1.10)
Yo = PT o, ¢o = PT ¢o. (1.11)

Suppose then that this eigenfunction obeys the inequality
ry

Then for all sufficiently small ¢ the operator Hq4ep has two simple isolated eigenvalues )\gc converging to Ao as
€ — 0. These eigenvalues are real as

E/ ﬁRewolm’L/)O dr1 <0 (113)
Ty

and are complex as

8/ 5Rew0 Im’l/)(] dxq > 0. (114)
Ly

Eigenvalues )\gc are holomorphic w.r.t. €'/? and the first terms of their Taylor series read as

1/2
AE =X+ AT, +0(), AL, =42 (—/F B Re o Im 1o dm1> : (1.15)
+

Let us discuss the results of these theorems. The typical situation of the eigenvalue collision is that two
simple eigenvalues of H, .3 converge to the same limiting eigenvalue Ag of H, as ¢ — 0. Then it is a general fact
from the regular perturbation theory that the algebraic multiplicity of Ag should be two. The above theorems
address two possible situations. In the first of them the geometric multiplicity of Ag is two, i.e., there exist two
associated linearly independent eigenfunctions. As we see from Theorem [I.1] in this situation the perturbed
eigenvalues are holomorphic w.r.t. € and their first terms in the Taylor series are given by right). The
numbers )\li are some fixed constants and they can be either complex or real. But an important issue is that
here when changing the sign of ¢, the eigenvalues can not bifurcate from real line to the complex plane or vice
versa. This fact is implied by right), namely, if /\1i are complex numbers, then AT are also complex for
both € < 0 and € > 0. Thus, in this case we do not face the above-mentioned phenomenon of the eigenvalue
collision discovered numerically in [6], [7]. If AT are real, then we need to calculate the next terms of their
Taylor series to see whether they are complex or real. Once all the terms in the Taylor series are real, we deal
with two real eigenvalues which just pass one through the other staying on the real line. Nevertheless, in view of
formulae we believe that choosing appropriate 3 we can get almost any value for the quantity in (1.5)). In
a particular interesting case 3 = a the author does not know a way of identifying the sign of (b1 — ba2)? + 4b3,
or proving the reality of the eigenvalues .

Theorem treats the case when the geometric multiplicity of Ay is one. Then the Taylor series for the
perturbed eigenvalues are completely different from Theorem and here the expansions are made w.r.t. ¢!/2.
And the presence of this power perfectly explains the studied phenomenon. Namely, once ¢ is positive, the same
is true for '/2, while for negative e the square root /2 is pure imaginary. This is exactly what is needed, once
e changes the sign, real eigenvalues become complex and vice versa. Unfortunately, we cannot even analytically
prove for our model the existence of such eigenvalues. We can just state that once Ay has geometric multiplicity
one and the associated eigenfunction 1 satisfies the identity (10, T%0)r,(0) = 0, then equation is solvable
(see Lemma [2.1)). And numerical results in [6], [7] show that this is quite a typical situation.

Our next main result provides another criterion identifying the solvability of equation
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Theorem 1.3. Suppose A\ is a simple eigenvalue of H, the associated eigenfunction satisfies the estimate

8%&0 ‘ C
< , Q. 1.1
Zz oz () 14 |z )3 re (1.16)
YELY
lvI<2
Then equation @ is solvable if and only if
K(x1,y1) (1) — a(y1)) Revo (w1, d) Im o (y1, d) day dyy = 0, (1.17)

]R2

where
xr1 Ifyl < xy,

K(x1,y1) := {

Here 1y is chosen so that it satisfies the first identity in (1.11).

—yy ifyy > 1.

Assumption (1.16]) is not very restrictive since usually eigenfunctions associated with isolated eigenvalues of
elliptic operators decay exponentially at infinity. The main condition here is (1.17). As we shall show later in
Lemma equation (I.8) is solvable if and only if (¢, T%0)1,(0) = 0. And we rewrite this identity to (1.17)
by calculating (¢)0, 7%0)L,(q)- The left hand side in (1.17) is simpler in the sense that it involves only boundary
integrals while (o, T0),(q) is in fact the integral over the whole strip 2.

2. PROOFS OF MAIN RESULTS
In Lo (f2) we introduce the unitary operator (Uep f)(z) := e~ 1F(#1)22 (). Then it is easy to see that the spectra
of Hatep and Z/{S_ﬂl”;'-laﬁgl/lgg coincide and
Uy Horeplhep = Ha — €L, (2.1)
0 0
L. = —215’902371 — 2iﬁ672 —ef? —e(B) 2wy —if" xs. (2.2)

In the proofs of the main results we shall make use of several auxiliary lemmata.

Lemma 2.1. Under the hypothesis of Theorem the equation

(Hoo — Mo)u=f (2.3)
is solvable if and only if
(f, TW0)Lo(0) = 0. (2.4)
Under the hypothesis of Theorem equation is solvable if and only if
(f. TYT) Loy = 0. (2.5)

Proof. By ([1.3) we see that under the hypotheses of both Theorems [1.1] and Ao is an eigenvalue of H} with
the associated eigenfunction(s) T or T@/}SE. Then the lemma follows from [§, Ch. III, Sec. 6.6, Rem. 6.23]. =

Lemma 2.2. Suppose the hypothesis of Theorem Then eigenfunction 1y can be chosen so that relations

{TT0). (1), and

(Y0, T0)Lo) =0 (2.6)

hold true. The functions Req and Re ¢y are even w.r.t. x5 and Im 1y and Im ¢ are odd w.r.t. xs.

Proof. Identity (2.6]) follows directly from ([2.4) applied to equation @ . Since A is a real simple eigenvalue

and equation ([L.8)) has a unique solution satisfying the second identity in (1.10)), by (1.2)) we have (.11} and thus
Reg and Re ¢ are even, while Im 1y and Im ¢ are odd w.r.t. zo. Employing this fact and (|1.8)), we obtain

(60, Tt0) Lo () = —/Q</>0(A+A0)¢de=i/r aq%dxl—i/n a¢3dm1+/ﬂ((gf?)z+ (22))2_A0¢3)d:c

+

:74/ aRe¢OIm¢0d11+/(|VRe¢O|27|V1m¢0|2)dzf)\0/(|Re¢o|27|Im¢0\2)dz€R. (2.7)
r, Q Q

Hence, multiplying function ¢y and ¢ by an appropriate constant, we can easily get the first identity in (1.10)
not spoiling other established properties of ¢y and . L]
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Lemma 2.3. Suppose the hypothesis of Theorem Then for X close to \g the resolvent (Ho — A\)~! can be
represented as

(Ha — N1 = G 7320)2 + AP_*;O + Ra(N), (2.8)

P_o = 1ola, P_1 = poly + bl bof = —(f, T%0) Lo () b f == —(f,T(¢o— 1)), ()’ (2.9)

where R, () is the reduced resolvent which is a bounded and holomorphic in the \ operator.

Proof. We know by [8, Ch. III, Sec. 6.5] (see also the remark on space M’(0) in the proof of Theorem 1.7 in [8]
Ch. VII, Sec. 1.3]) that (H, — A)~! can be expanded into the Laurent series

(Mo EA o RaN),

where N is a fixed number independent of A\, R, is the reduced resolvent which is a bounded and holomorphic
in A operator. Given any f € Lo(2), we then have

N
u=Hq— :Z S )\ —&—Z)\ o) U,

O

We substitute this formula into the equation (H, — A)u = f and equate the coefficients at the like powers of
()\ - )\0)1

(,Ha*/\o)u_N:O, (Haon)u_k = U_—fk—1, k:].,...,Nfl,
(Ha — Xo)uo = f +u_q, (Ho — Mo)ur = ug. (2.10)
This implies that u_y = Yolaf, u_nt1 = dolaf + ol1f, where ¢; are some functionals on La(Q). If N > 2,
then by (1.9)) and Lemma the equation for u_ 4o is unsolvable. Hence, we can assume N = 2. Writing then
2.4

the solvability condition (2.4)) for equations (2.10) and taking into consideration the identity in (1.10]), we arrive
easily to the formula for /5 in (2.9) and

b f == —=(Uo, T0)Lo(2) (2.11)
where Uy is the solution to the equation
(Ha — X0)Uo = f +volaf (2.12)
satisfying
(Uo,%0) o) = 0. (2.13)

It follows from (1.3)) and (1.8) that
(Uo, T¥0) L) = (Uo, T(Ha — )¢0)L @) = (Uo, (Ha — )\0)*7-¢0)L2(Q)
= ((Hoz - >‘0)U07 T¢0)L2(Q) = (f + ¢0€2f7 T¢O)L2(Q)~
These identities, the above obtained formula for ¢5, and , imply formula for /5. u

Lemma 2.4. Suppose the hypothesis of Theorem Then for X close to \g the resolvent (Ho — A\)~! can be
represented as

P_1
(Ho — N1 = + Ra(N), (2.14)
,Pfl = ’(/}324* + 1/107677 gif = _(f7 Twoi)Lg(Q)7 (215)

where R () is the reduced resolvent which is a bounded and holomorphic in A operator.

The proof of this lemma is similar to that of Lemma we just should bear in mind that due to (1.4)) and
Lemma [2.1] the equations
(Hoc - /\O)u = wat

are unsolvable.
We proceed to the proofs of Theorems
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Proof of Theorem[I.4 The proof is based on the modified version of the Birman-Schwinger principle suggested
in [9] in the form developed in [I0]. In view of (2.1)), the eigenvalue equation for Hayep is equivalent to the
same equation for H, — eL.. The latter equation can be written as

(,HCV - )‘E)'(/)E = E‘CE’(/}E' (2.16)
We then invert the operator (H, — Ae) by Lemma [2.3| and obtain

P—2£s¢s + sp—lﬁsws
<)\£ - )\0>2 )\e - )\0
By Lemma the operator R, () is bounded uniformly in A close to Ao and hence the inverse A(z,¢) :=

(I—eRa(Xo+2)) ! is well-defined and is uniformly bounded for all A close to Ag and for all sufficiently small €.
We apply this operator to the latter equation and get

P =¢ + eRa(Ae)e.

ws = %A()‘O + Ze, €)p72£6w€ + ZEA(/\O + Ze, E)Pflﬁt?w@ (217)

€

where we denote z. := A. — Ag. Then we apply functionals ¢5L., {1 L. to the obtained equation and it results in

<£A11(25,5) — 1)X1 + £ (A11(ze,€) + 2 A12(2,€)) X2 = 0,

3 9
= A (0,0 X0 + (S5 (A21(20,8) + 2eAna(22,) = 1) X = 0, (2.18)

where X; = ¢; L., and
Ail(Z,E) = fiACE.A()\O + Z,E)wo, AZ‘Q(Z,E) = EVCE.A()\O + Z,€)¢Q, 1t =1,2.

The obtained system of equations is linear w.r.t. (X1, X3). We need a non-zero solution to this system since
otherwise by (2.17) we would get 1. = 0 and 9. then cannot be an eigenfunction. System (2.18)) has a nonzero
solution if its determinant vanishes. It implies the equation

Z? - 5(1411(25,5) + A22(Zsy‘€))zs — Ao (2ze,€) + £ (An(zs, €)Aza(2z,€) — A12(Zs,€)A21(Za,€)) =0,

which is equivalent to the following two
ze = Gi(ze,e'?), (2.19)

where

72 (A11(z, 56%) + Aga(z, 52))
2
2 # 2 2112 2 2 2\ /2
+ %(Agl(z,% )+ I(AH(Z’% ) — Aga(z, 2 )) + 2° A1a(2, 3¢%) Aoy (2, 5 )) . (2.20)

Gi(z, ) :=

Here the branch of the square root is fixed by the restriction 1'/2 = 1. It is clear that the functions A;j are
jointly holomorphic w.r.t. sufficiently small z and . Moreover, by (2.2

Agl(o,f) = fgﬁEA(0,€)w0 = iEQ (—Qﬂ/l‘gaﬂxl — Qﬁai@ — ﬂ//£2)¢0 + O(E) (2.21)

To calculate the first term on the right hand side of this identity, we first observe that by the equation for 1y we
have 9

— (25':1:287361 +

Now we find ifog by integration by parts

25% + ﬂ”@)dlo = —(A+ Xo)Bratpo =: g.

ib2g = /Q%(A + Ao)Bratp dr = i/r+ (woaiﬂwzwo - 50521/}02%2) da,

€2
. 0 awo . 2 . / 2
— —_— — — |dx, = dx, — dry. (2.22
1/11 (1/)0 023 Bratbo — Bratho 8932) T =1i . By dry — 1 . Bipg dry.  (2.22)
Together with Lemma [2.2] this implies

ilog = —4 BRevoImpgdry. (2.23)
Ly
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Hence, by (2.20), (2.22)), (1.12), and the properties of functions A;; we conclude that functions G4 are jointly
holomorphic w.r.t. sufficiently small z and 5. Applying the Rouché theorem as in [10, Sec. 4], we conclude
that for all sufficiently small s each of the functions z — z — G1(z, ) has a simple zero z4 (5) in a small
neighborhood of the origin. By the implicit function theorem these zeroes are holomorphic w.r.t. 5. Thus, the
desired solutions to equations (2.19) are z.(!/2), and these functions are holomorphic w.r.t. ¢%/2. Moreover, it
follows from (2.19), (2.20)), (2.21), (2.22)), (2.23) that

24 (eY2) = GL(0,61/%) + O(e) = /2 A4*(0,¢) + O(e)

and then the sought eigenvalues are AT = \g + 24 ('/?). These eigenvalues are holomorphic w.r.t. €'/2 and obey
. Let us prove that these eigenvalues are real as (1.13]) holds true and are complex once is satisfied.
The latter statement follows easily from formulae ce in this case e/ 2)\1i/2 are two imaginary numbers.
To prove the reality, as one can easily make sure, it is sufficient to prove that functions G4 (z, ») are real for real
z and s. Then the existence of a real root is implied easily by the implicit function theorem for real functions.

In view of definition of G4, the desired fact is yielded by the similar reality of A;;. Let us prove the
latter.

It follows from Lemma [2.3| that for each f € Ly(€2) the function

’Rao\)f = (Ha - A)ilf - (/\73__2)\f0)2 B ;D:lgo

solves the equation
(Ha = NRa(N)f = f +volif + ¢olaf. (2.24)

Employing definition (2.2]) of L., we check easily that PT L. = L-PT. This identity and (1.11)), (2.24) yield
that for z € R, x e R

PTLANo + 2, 2)th0 = Lo A(No + 2, 2)to, PTLA(No + 2, 2)¢0 = LoA(No + 2, 5¢) o.
Using once again, for z € R, » € R we get
Aq1(z, %) :(PTEEA()\O + z, %)y, 7777!10) = (TEEA(AO + z, %)y, T¢0)L2(Q) = Aq1(z, »).

La(Q)
The reality of other functions A;; can be proven in the same way. The proof is complete. u

Proof of Theorem[I.1 The main ideas here are the same as in the proof of Theorem so, we focus only on
the main milestones. We again begin with (2.1)) and invert (H. — A\.) by Lemma [2.2] It leads us to an analogue

of equation (2.17)),

€
'(/15 = ;A()\O + 25’5)P71£6¢67 (225>
€
where operator A is introduced in the same way as above. We then apply functionals ¢4 L. to this equation
€ € € €
(*311(25,5) - 1)X1 + —Bi2(2:,6) X2 = 0, — Ba1(2e,8) X1 + (*ng(zg,s) - 1)X2 =0, (2.26)
ZE ZE ZE ZE
Bi1(z,¢) i= L4 L AN + 2,8)0d Bia(z,€) := 41 L. AN + 2,€)0, ,
B21(Z7 6) = gf,ch()\o + Z, 5)@3, BQQ(Z, 5) = gfﬁgA()\o + z, 5)’1/)(;

The determinant of system should again vanish and it implies the equation
22 — e(Bi1(2e,€) + Baa(2c,€)) + €% (Bu1(2e,€) Baz(ze,€) — Bia(2e,€)Bai(2e,€)) = 0,
which splits into other two
ze = Qx(2;8), (2.27)
Qulz,6) = g(BH(zE, &) + Baa(2z,¢)) % g((BH(z, €) — Bys(2,€))2 + 4Bys(2,€) Baa (2,¢))/°.

Here the branch of the square root is fixed by the restriction 1'/2 = 1. Let us prove that this square root is
jointly holomorphic w.r.t. z and . Integrating by parts as in (2.22)) and employing (1.1)), one can make easily
sure that

Bii = b;; + O(g), i=1,2, B12(0,¢) = b12 + O(e), B21(0,¢) = ba1 + O(e). (2.28)

Hence, by assumption (|1.5]), functions @+ are jointly holomorphic w.r.t. z and . Proceeding now as in the
proof of Theorem we arrive at the statement of Theorem ]
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Proof of Theorem[I.3 Denote

’l/)(il’) = %L 1 t'l/)o(t,xg) dt

In view of (1.16)) this function is well-defined. Throughout the proof we shall deal with several integrals of such
kind and all of them will be well-defined due to ((1.16)). In what follows we shall not stress this fact anymore.
Employing the equation for 1), integrating by parts, and bearing in mind estimates (1.16]), we get

1 0 1 02 1 0 1 52
(A'F)\O)'l/] Yo + $1 a;b(l) + 5/ (8 5 +)\0)¢0(t fL'Q) dt = g + - 871/)2) §$ / 61/}20 (t xz)dt Pg-

The proven equation for ¢ allows us to integrate once again,

:/F 1/’0( l/f +10ﬂ/))dI1 / 1/’0( 09 +10ﬂ/1>d$1

Now we employ identity (1.11)) and boundary condition (1.1)) for 1y to simplify the sum of these integrals,

/ 1/13 dr = —/ dzy Reo(x1,d)xy /I1 (a(zl) — oz(yl)) Im o (y1,d) dys
Q T,

— 00

- / diry T o (21, ) / " (a(er) — aly) Redolys, d) dys
ry

— 00

— 00

= _/r dz1 Revo(x1,d)xs /961 (a(ml) — a(yl)) Im o (y1,d) dys

+oo
+ /F daRedy(ar, 4y / (1) — () Im o (v, d) dyy

Z1

= L K (z1,y1)(a(z1) — a(y1)) Revo(y1, d) Imapo (y1, d) dy dyy.

By (2.4) we then conclude that equation (|1.8)) is solvable if and only if identity (1.17) holds true. L]

Remark 2.5. The idea of the latter proof was borrowed from the proof of Lemma 2.2 in [I1], see also proof of
Lemma 3.6 in [10].
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