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ABSTRACT. We present a simple Lie-algebraic approach to momentum-space two-point functions of
two-dimensional conformal field theory at finite temperature dual to the BTZ black hole. Making
use of the real-time prescription of AdS/CFT correspondence and ladder equations of the Lie algebra
50(2,2) = sl(2,R)L @ sl(2,R) g, we show that the finite-temperature two-point functions in momentum
space satisfy linear recurrence relations with respect to the left and right momenta. These recurrence
relations are exactly solvable and completely determine the momentum-dependence of retarded and
advanced two-point functions of finite-temperature conformal field theory.

KeYwORDs: AdS/CFT correspondence, correlation functions, BTZ black hole.

1. INTRODUCTION AND SUMMARY

Conformal symmetry is powerful enough to constrain
the possible forms of correlation functions in quantum
field theory. It has been long appreciated that, for scalar
(quasi-)primary operators, for example, SO(2, d) confor-
mal symmetry completely fixes the possible forms of two-
and three-point functions up to an overall normalization
factor in any spacetime dimension d > 1. This symmetry
constraint works well in position space, however, its
direct implication to momentum-space correlators are
less obvious before performing the Fourier transform.
Since momentum-space correlators are directly related
to physical observables (e.g. the imaginary part of a
retarded two-point function in momentum space gives
the spectral density of many body systems), it is impor-
tant to understand how directly conformal symmetry
constrains the possible forms of momentum-space cor-
relators. From the practical computational viewpoint,
it is also important to develop efficient methods for
computing momentum-space correlators directly through
symmetry considerations, because Fourier transforms of
position-space correlators are hard in general.

In this short paper we continue our investigation [I]
and present a novel Lie-algebraic approach to momentum-
space two-point functions of conformal field theory at
finite temperature by using the AdS/CFT correspon-
dence. The AdS/CFT correspondence relates strongly-
coupled conformal field theory to classical gravity in
a one-higher spatial dimension. According to the cor-
respondence, finite-temperature conformal field the-
ory is dual to an asymptotically AdS spacetime that
contains black holes. In this paper we focus on two-
dimensional conformal field theory (CFT3) at finite
temperature dual to the three-dimensional anti-de Sit-
ter (AdS3) black hole (i.e. Bafiados-Teitelboim-Zanelli
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(BTZ) black hole [2] [3]) and we give a simple derivation
of retarded and advanced two-point functions of scalar
operators of dual CFTs by just using the real-time
prescription of AdS/CFT correspondence a la Igbal and
Liu [, 5] and the ladder equations of the Lie-algebra
50(2,2) = sl(2,R);, @ sl(2,R) g of the isometry group
S0(2,2) =2 (SL(2,R);, x SL(2,R)Rr)/Zs of AdSs. In
contrast to the conventional approaches to momentum-
space CFT correlators (such as Fourier-transform of
position-space correlators or original real-time AdS/CFT
prescription [4H6], which requires bulk field equations
to be solved explicitly), our Lie-algebraic method is
quite simple and clarifies the role of conformal symmetry
in momentum-space correlators in a direct way: For
finite-temperature two-point functions in momentum
space, conformal symmetry manifests itself in the form
of recurrence relations which are exactly solvable and, up
to an overall normalization factor, completely determine
the momentum dependence of two-point functions.
The rest of the paper is organized as follows. In
section 2] we briefly review the AdSs black hole based on
the quotient construction [3} [7]: The AdS; black hole
is a locally AdSs spacetime and is given by a quotient
space of AdS3 with an identification of points under
the action of a discrete subgroup 7Z of the isometry
group SO(2,2) of AdS3. Though not so widely ap-
preciated, the AdS3 black hole is a quotient space of
AdS3 with a particular coordinate patch in which both
the time- and angle-translation generators generate
the one-parameter subgroup SO(1,1) C SO(2,2)[[] In

IThis is true for a non-extremal black hole with positive
mass. Time- and angle-translation generators generate other
one-parameter subgroups for the zero-mass limit of a black
hole (or a black hole vacuum), the extremal black hole and
the negative mass black hole (or black hole with naked sin-
gularity). For example, in the case of a black hole vacuum,
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section [3] we introduce a coordinate realization of the
Lie algebra s0(2,2) = sl(2,R) 1, & sl(2,R) g realized in
scalar field theory on the AdSs black hole background.
We then demonstrate in section [f] a simple Lie-algebraic
method for computing the retarded and advanced CFTq
two-point functions by just using the ladder equations
of the Lie algebra s0(2,2) = sl(2,R); ®sl(2,R)g in the
basis in which SO(1,1) x SO(1,1) C SO(2,2) gener-
ators become diagonal. We will see that our method
correctly reproduces the known results [5] 8 [9].

2. ADS3 BLACK HOLE: LOCALLY ADSj3
SPACETIME IN THE SO(1,1)
x SO(1,1) DIAGONAL BASIS

Let us start with the following non-rotating BTZ black
hole described by the metric

dsQAdS BH = —(p—z — 1)d7’2
3 R2
L e (1)
p? /R -1 ’

where 7 € (—o00,4+0), p € (0,00), 8 € [0,27), and
R > 0 is the AdS3 radius. In this paper we simply call
the AdSs black hole and focus on the region outside
the horizon p > R. For the following discussions it is
convenient to introduce a new spatial coordinate = as
follows:

p = Rcoth(z/R), (2)

where x ranges from 0 to co. Note that the black
hole horizon p = R corresponds to z = oo, while
the AdSs boundary p = oo corresponds to z = 0. A
straightforward calculation shows that in the coordinate
system (7,z,6) the black hole metric takes the
following form:

—d7? + dz? + R? cosh®(z/R)d6? 3)
sinh?(z/R)
For the sake of notational brevity, we will hereafter work

in the units in which R = 1.
Several comments are in order:

(1.) BTZ black hole. The above AdSs black hole
is locally isometric to the rotating BTZ black hole
[2, 3] and obtained by suitable change of spacetime
coordinates. Indeed, it is easy to show that the BTZ
black hole metric

P2 2\ (p2 _ p2
dspry = _{ % ) 412
r2dr?
(=) =7

2 _
dSAds3 BH —

rer—
+

412 (d¢ - dt)Q, (4)

r2

the time- and angle-translation generators generate the sub-
group E(1) x E(1) C SO(2,2) = (SL(2,R), x SL(2,R)r)/Z2
prior to making the Z-identification. (Note that SL(2,R)
contains three distinct one-parameter subgroups: the rota-
tion group SO(2), the Lorentz group SO(1,1) and the Eu-
clidean group FE(1).) For detailed discussions of the quo-
tient construction, we refer to the original paper [3] (see
also [7]).

where r4 and r_ are the outer and inner horizons,
respectively, is reduced to the AdSs black hole by
the following coordinate change [10]:

r2 —r2
-, T =Tyt —T1_9,

p= D)
7’_,'_*
6= ’I"+¢ —r_t. (5)

Note that the light-cone coordinates satisfy the rela-
tions 70 = (ry Fro)(t £ ¢).

(2.) Local coordinate patch of AdS3. The AdSs
black hole is a locally AdSs spacetime and is obtained
from the AdS3 spacetime with a suitable periodic
identification [3, [7]. To see this, let us first note
that the AdS3 spacetime can be embedded into the
four-dimensional ambient space R%2 and defined as
the following hypersurface with constant negative
curvature —1 (= —1/R?):

AdS; = {(X 1, X% X' X?) e R*? |
— (X2 = (X2 + (X)) 4+ (X%)? = -1} (6)

The AdS3 black hole is given by the following
local coordinate patch of the hypersurface:

(X L XY X1 Xx?%) = (cothxcosh&,

sinh 7

coth zsinh 6, <8 T), (7)

sinh x sinh z

with the periodic identification 6 ~ 6 + 2nw (n € Z).

In fact, it is straightforward to show that the

induced metric dsiyg, = —(dX1)? — (dX?)* +
132 212

(dX)* + (dX7) |(X*1,X0,X1,X2)€Ad83

surface takes the following form:

on the hyper-

—d7? + dz? + cosh® xd§?
ds> = . 8
AdSs sinh? z )

It should be emphasized that the periodic identi-
fication @ ~ 6 4 2n7 makes the metric black
hole. As mentioned in [3], without such identification
the metric just describes a portion of AdS3 and
the horizon is just that of an accelerated observer.
(Roughly speaking, is the AdS3 counterpart of the
Rindler coordinate patch of Minkowski spacetime.)

(3.) SO(1,1) x SO(1,1) global symmetry. As is
well-known, the AdS3 spacetime @ has an alternative
equivalent description as the SL(2,R) group manifold
defined as follows:

AdSy = {X = (X000 X0 ) [ dev X =1
9)

With this definition it is obvious that the AdSs
spacetime @D is invariant under left- and right-
multiplications of SL(2,R) matrices, X — X' =
9. Xgr, where g, € SL(2,R), and gr € SL(2,R)g
with the Zs-identification (gr,9r) ~ (=9, —9R)-
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(Note that (g1.,gr) and (—gr,—gr) give the same
X".) In the local coordinate patch (7)) the 2 x 2 matrix
X — (X*1+X"‘ X1 x©

X'4x0 X,LXQ) takes the following form:

coth z cosh 0+ 1T coth x sinh §— 30T

X sinh z sinh =
coth z sinh 043227 coth 2 cosh §— esh ™

sinh = sinhz

(10)

Now it is easy to see that the time-translation 7 —
7/ =7 + € is induced by the noncompact SO(1,1) C
S0O(2,2) group action X — X' = g;, Xgg given by
the matrices

1 cosh 5 sinh 5
gL =9gr = | . .| €S0(1,1). (11)

€ €
sinh §  cosh §

Likewise, the spatial-translation 6 — 6" = 0 + € is
induced by another SO(1,1) C SO(2,2) group action
X — X' = g5, Xgr given by the matrices

cosh £ sinh £
9L =gr = ( 2 2) € 50(1,1). (12)

€ €
sinh 5 cosh 5

Hence, prior to making the periodic identification
0 ~ 0 + 2nm, the time- and spatial-translation gen-
erators 10, and —idy must be given by two distinct
SO(1,1) generators of the Lie group SO(2,2) &
(SL(2,R) x SL(2,R)R)/Zy. After the periodic
identification  ~ 6 4 2nm, on the other hand,
gr, and gr in Eq. ( . ) should be regarded as an
element of the coset SO(1,1 /ZE| where the Z-
identification is defined by e ~e+2nm (n € 7).
Hence, the AdS3 black hole is given by the quotient
space AdS3/Z, where the identification subgroup
Z={g"|n=0,%1,£2,---} C SO(2,2) is gener-

. _ _ _ ‘h = h
ated by the matrix g = g;, = gp = ( S50 T simam

It should be emphasized here that the fact that
the time-translation generator generates the non-
compact Lorentz group SO(1, 1) is a manifestation
of thermodynamic aspects of a black hole: If we
work in Euclidean signature, the noncompact Lorentz
group SO(1, 1) becomes the compact rotation group
SO(2) = S1 such that the frequencies conjugate to
the imaginary time are quantized and hence give rise
to the Matsubara frequencies.

(4.) Two-point function. As we have seen, the AdSs
black hole is a locally AdSs spacetime but its
global structure is quite different from AdSs. This
global difference of course leads to a big difference
between the structure of two-point functions of CFT5
living on the boundary of the AdS3 black hole and
those living on the boundary of AdSs [I0]. To see this,
let Gaas, Bu(T,0) be a scalar two-point function of
CFT; dual to the AdS3 black hole and let Gags, (T, 6)

2Note that the parameter space of SO(1,1) (more precisely,
S0O4(1,1), i.e. the connected component to the identity element)
is the whole line R. Hence the parameter space of SO(1,1)/Z is
R/7Z, which is isomorphic to a circle S*.
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be a scalar two-point function of CFTy living on the
AdSs boundary without periodic identification. Then,
once we get Gads, (7, 6), the scalar two-point function
of CFT4 dual to the AdS3 black hole is given by the
coset construction (or the method of images [10]):

=> p(n)

neZ

Gaas, pu(T,0) n)Gags, (1,0 + 2nm), (13)

where p: Z — U(1) is a scalar (i.e. one-dimensional)
unitary representation of the identification subgroup Z
and given by p(n) = e, Here « is a real parameter
and its value depends on the model. For example,
for scalar operator O(7, 0) that satisfies the periodic
boundary condition O(7,60 + 27) = O(1, ), « is zero
(i.e. p is the trivial representation). (Basically, «
is a boundary condition parameter for O(r, ) with
respect to angle 6.) We emphasize that, regardless of
the value of «, thus constructed two-point function
indeed satisfies the periodic boundary condition
G aas, BH(T, 0 + 27m) = Gaas, Bu(T, §).

For simplicity throughout this paper we will focus
on Gags, (i-e. the zero-winding sector of Gaas, BH),
because G aqs, Bu can be constructed from the knowl-
edge of Gaqs,. Hence in what follows we do not need
to worry about the subtleties of periodic identification
and global difference between the AdSs black hole
and the AdS3 spacetime[’]

Let us next consider a massive scalar field ¢ of mass
m on the background spacetime (without periodic
identification) that satisfies the Klein-Gordon equation

(Oags, —m?)¢ = 0, where the d’Alembertian is given by
_ 92
DAdS3 = Sinh2 z [_872' + 8% " sinh xlcoshxax - cos]?gw} :

In order to get CFT two-point functions via real-time
AdS/CFT prescription, we need to find a solution to the
Klein-Gordon equation whose 7- and 6-dependences are
given by the plane waves, ¢(7, x,0) = ¢, x(z)e"wT+k0;
that is, we need to know a simultaneous eigenfunction of
the d’Alembertian (aqg,, the time-translation generator
10; and the spatial-translation generator —idy. For
such a simultaneous eigenfunction the Klein-Gordon
equation reduces to the following differential equationﬂ

9 1
<_ " ginhaxcoshz *
A(A —2) k2
sinh? z

)¢w,k - w2¢w,k7 (14)

2
cosh” x

where A = 1 4+ vm? + 1 is one of the solutions to the
quadratic equation A(A — 2) = m?. Note that near the

3 Actually, the momentum-space two-point functions com-
puted in Refs. [B, 8, [@] are nothing but the momentum-space
representation of Gaqgg, rather than Gaqgs, Bu (or Gerz)-

4Redefining the field as ¢ — ¢ = (coth x)’1/2¢, one sees that
the differential equation reduces to the Schrodinger equation
with hyperbolic Péschl-Teller potential

A-1)2-1/4 K +1/4
(cop byt B4
sinh® x cosh

)¢wk—w Peo k-
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AdS;3 boundary = = 0 the differential operator in the left-
hand side of behaves as —92+ 10, + %‘FO(I).
Hence the general solution has the following asymptotic

near-boundary behavior:

O(1,2,0) ~ Ap(w, k)xP e wrTike
+ Ba(w, k)az? Re Wk a2 0, (15)

where Aa(w, k) and Ba(w, k) are integration constants
which may depend on A, w and k. The real-time
prescription of AdS/CFT correspondence tells us that
the retarded and advanced two-point functions are given
by the ratio [4], 5]

AA(OJ, k)

R/A .
Gp(w, k) = (2A — 2)m7

(16)
where the retarded two-point function G is obtained
by the solution that satisfies the in-falling boundary
conditions at the horizon, whereas the advanced two-
point function Gﬁ is obtained by the solution that
satisfies the out-going boundary conditions at the horizon

[6].

The goal of this paper is to compute the ratio in
a Lie-algebraic fashion without solving the Klein-Gordon
equation explicitly.

3. LIE ALGEBRA sl(2,R); @ sl(2,R)r
IN THE SO(1,1) x SO(1,1)
DIAGONAL BASIS

In order to get the momentum-space two-point func-
tions, we need to find a simultaneous eigenfunction
of the d’Alembertian [aqs,, the time-translation gen-
erator 10, and the spatial-translation generator —idy.
As we will see below, the d’Alembertian is given by
the quadratic Casimir of the Lie algebra s0(2,2) =
5((2,R)r @ sl(2,R)g. On the other hand, as we have
seen in the previous section, the time- and spatial-
translations are induced by two distinct noncompact
SO(1,1) group actions such that i0; and —idy must
be given by SO(1,1) generators of the Lie algebra
50(2,2) = sl(2,R); @ sl(2,R)r. Hence we need to
work in the basis in which the noncompact SO(1,1)
generators become diagonal. We note that unitary repre-
sentations of the Lie algebra s[(2,R) in the noncompact
SO(1,1) basis have been studied in the mathematical
literature [I1, 12], and are known to be a bit com-
plicated. In this paper we will not touch upon these
mathematical subtleties and will not discuss which of
the unitary representations are realized in the scalar
field theory on the background (without periodic
identiﬁcation) Instead, we will present a rather heuris-
tic argument that reproduces the known results by just

50ne way to avoid these subtleties is to Wick-rotate both
the time 7 and angle 6. In such Euclidean-like signature, the
noncompact SO(1,1) x SO(1,1) symmetry becomes the compact
SO(2) x SO(2) symmetry such that we can use standard unitary
representations of the Lie-algebra s0(2,2) 2 s((2, R) 1, ®s[(2,R) r in
the SO(2) x SO(2) diagonal basis. In this approach, computations
of momentum-space two-point functions are essentially reduced to
those presented in Ref. [I].

using the ladder equations of the Lie algebra so0(2,2) in
the SO(1,1) x SO(1,1) diagonal basis.

To begin with, let us first recall the Lie algebra
50(2,2) = sl(2,R), @ sl(2,R) R, which is spanned by
six self-adjoint generators {Ag, A1, Aa, By, B1, Ba} that
satisfy the following commutation relations:

[Ao, A1] = iAy, [A1, Ag] = —iAy, [Ag, Ag] =iAy,
(17a)
[Bo, B1] =iBy, [Biy, B3] = —iBy, [B2,By]=1iDB1,
(17b)
with other commutators vanishing, [A., By] = 0

(a,b = 0,1,2). We note that Ay and By are com-
pact SO(2) generators, whereas Ay, As, By, By are
noncompact SO(1,1) generators. Note also that the
standard classification of unitary representations of the
Lie algebra s0(2,2) is based on the Cartan-Weyl ba-
sis {Ao, A1 + iA27 Bo, B1 + iBQ}, where A1 + ZAQ and
B1 +1B5 play the role of ladder operators that raise and
lower the eigenvalues of Ay and By by £1. For the fol-
lowing discussions, however, it is convenient to introduce
the hermitian linear combinations A4y = As F Ag and
By = By F By, which also play the role of “ladder” op-
erators; see next section. In the basis {A;, Ay, By, By}

the commutation relations (17a)) and (17b)) are cast into

the following forms:

[AlaA:i:] = :l:iA:I:a
[Bl7Bi] = :I:ZBi)

(A, A_] =2iA,,
[By,B_] = 2iB,.

(18a)
(18Db)

In the problem of scalar field theory on the background
(8) (without periodic identification), these symmetry
generators turn out to be given by the following first-
order differential operators:

1

A= Lo+ ), (192)
Ay = f%ei(ﬂre) [Sinhx Oy
1
+ (cosha:@T + coshxae)i’ (19b)
)
By = 5(37 — ), (19¢)
By = —i—%ei(T_e) [sinhx@x
1
+ (coshx@T - Coshxag)]7 (19d)

which indeed satisfy the commutation relations
and . The quadratic Casimir of the Lie algebra
50(2,2) = sl(2,R), ®sl(2,R) g yields the d’Alembertian
on the AdS3 black hole

Ca(50(2,2)) = 205 (s1(2, R) 1) + 2C5(s1(2, R) )
1 —03 )

sinhzcoshz © cosh? x
(20)

= sinh? x(—@f + 02 —

where the quadratic Casimir of each s[(2,R) is given by
02(5[(2, R)L) = (A0)2 — (A1)2 — (A2)2 = _Al (Al iZ) —
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A1A:|: and CQ(E[(Q,R)R) = (30)2 - (31)2 — (B2)2 =
—DBy(By 1) — B+ By. A straightforward calculation
shows that Cy(sl(2,R)) and Cy(sl(2,R)g) coincide
and are given by

02(5[(2, R)L) = 02(5[(2, R)R) = 302(50(2, 2))
(21)

Asymptotic near-boundary algebra. We are in-
terested in the asymptotic near-boundary behavior of
the solution to the Klein-Gordon equation . To
analyze this, let us introduce the boundary symmetry

generators defined as the limit 2 — 0 of (19al)—(19d]):

A = lim A, = %(aT + ), (22a)

AY = lim Ay = =20 [0, £ (0, +05)],
(22Db)

BY = lim By = %(aT — ), (22¢)

BY = lim By = +2e* 0 [0, £ (9, - )],
(22d)

which still satisfy the commutation relations of the Lie
algebra s0(2,2) =2 sl(2,R); & sl(2,R)r

(23a)
(23b)

(A9, AQ] = +iAT, [AY,A%] = 2iAY,
[BY, BY] = +iBY, [BY,B°] =2iBY.

The quadratic Casimir of this asymptotic near-boundary
algebra, which we denote by s0(2,2)° = s[(2,R)} &
sl(2,R)%, takes the following simple form:

Cy(50(2,2)") = 4Cy(s1(2,R)Y)
= 4C0y(sl(2,R)%) = 2202 — 20, =: CY. (24)

As we have repeatedly emphasized, we are interested in si-

multaneous eigenstates of the d’Alembertian [Caqs, e30

C3, the time-translation generator id, = B? + A9 and
the spatial-translation generator —idy = BY — AY. Let
|A, k1, kg)°? be a simultaneous eigenstate of CS, AY and
BY that satisfies the following eigenvalue equations:

CS|A,]€L,]€R>O :A(A72)|A,kL,kR>O, (25&)
AYA kL, kR) = kr|A kL, kr)°, (25b)
BY|A kp, kr)® = kr|A, k, kR)°. (25¢)

In the coordinate realization these eigenvalue equations
become the following differential equations:

1 A(A -2
(—8§ + ;(% + 42-2 2 ))¢()A,kL,kR =0, (26a)
(102, — kL)OA ko kp =0, (26b)
(10, — /fR)¢%.,kL,kR =0, (26¢)

where z;, and zp are light-cone coordinates given by
xp =740 and xp = 7—0, and (k, kg) and (w, k) are
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related by kr, = (w — k)/2 and kg = (w + k)/2. These
differential equations are easily solved with the result

¢OA,kL,kR(T7xa 9) _ AA(k;La kR)er—ik‘LILe—ikRIR

+ BA(kI”kR)l,2—Ae—ikLmLe—ilchR7 (27)

which precisely coincides with the asymptotic near-
boundary behavior of the solution .

4. RECURRENCE RELATIONS FOR
FINITE-TEMPERATURE CFTy
TWO-POINT FUNCTIONS

As mentioned in the previous section, Ay and By (and
also A% and BY) play the role of “ladder” operators.
To see this, let us consider states AY|A, kr,, kr)? and
BY|A kL, kr)°. The commutation relations [A}, A% ] =
+iAY and [BY, BY] = +iBY give AYAY|A kL, kg)? =
(kL:EZ)A(:)t|A, kL, k‘R>0 and B?B?HA, ]CL, kR>O = (kR:t
i)BY|A, kg, k)°, which imply that A) and BY raise
and lower the eigenvalues kr and kg by iiﬂ

Aoi|A,kL,kR>O 0,8 |A,I€L :Ei,kR>O,
B?tlA>kL7kR>0 X |A,/€L,I{/’R + ’L'>O.

(28a)
(28b)

In the coordinate realization (22al) and (22c]) with the
solution 7 the left-hand sides become

A
Ag:¢()A,kL,kR = l(—g + ZkL)AA(kL» kr)

% er—i(kLii)wL e—ikaR

—i—i(% - liikL>BA(kL,kR)

X 1:2*Ae*i(kLii)xLe*ikaR’ (29&)

A
BLON py ke = —1 (—5 + ZkR)AA(kh kr)

X er—ikaLe—i(kRii)xR

—i(% —1iikR)BA(kL,kR)

X x2*Ae*ikL$Le*i(kRii)$R7 (29b)

which should be proportional to d)OA,kL:ti,kR and

OA’kL,kR 1,» Tespectively. In other words, the inte-
gration constants should satisfy the recurrence rela-
tions (7% + ikL)AA(kL,kR) o AA(kL + i, kR) and
(8 —14iky)Ba(kr, kg) < Ba(kr, £1i,kg), and simi-
lar expressions for k. Hence the two-point function
Ga(kp,kr), which is given by the ratio Ga(kr, kr) =

60ne may wonder why the eigenvalues of the self-adjoint
operators A(l) and B? take the complex values kr, 14 and kg =+ 4.
The reason is that, even if the state |A, kz,, kg)° lies inside the
domain in which the operators A9 and B? become self-adjoint,
the states A9 |A, kr,kg)° and B]?E|A,kL,k:R>0 turn out to lie
outside the self-adjoint domain of A? and B?. (For rigorous
mathematical discussions we refer to the literature [111[12].) As we
will see below, however, a naive use of the “ladder” equations
and (28b)) correctly yields the retarded and advanced two-point
functions.
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(2A — 2)An(kr,kRr)/Ba(kL,kr), should satisfy the

following recurrence relations:

S _1+ik
Galke,kr) = 2—5——Galk %i,kn), (30a)
-3 ZlZZkL
2 —1+ikg _
GA(/{L,/CR) = A%GA(kkaR :|:Z). (30b)
-3 Zl:’LkR

These recurrence relations are linear such that they
are easily solved by iteration. But how should we iden-
tify the solutions to these recurrence relations with
the retarded and advanced two-point functions? A
standard prescription to get the retarded (advanced)
two-point functions via AdS/CFT is to use the so-
lution to the Klein-Gordon equation that satisfies
the in-falling (out-going) boundary conditions at the
horizon # = oo [6]. Here we present an alterna-
tive approach to get the retarded and advanced two-
point functions without knowing the boundary condi-
tions at the horizon © = oco. A key is the generic
causal properties of two-point functions: The re-
tarded two-point function has support only on the
future light-cone, whereas the advanced two-point func-
tion has support only on the past light-cone. Let
us first focus on the case where the point (7,6) on
the AdSs; boundary (0AdS3) lies inside the future
light-cone 7, = 74+ 6 > 0 and zg = 7—60 >
0. In this case the state (A%)*(B%)™ OA,kL,kR x
e ilbr—in)rLo—i(kR—iM)TR converges as n,m — 00
such that (A2)"(B2)™ ¢}y, 4, would be well-defined.
Hence it would be natural to expect that the
ladder equations A%¢Q , o o< @A, . and
BY gb(JA?k,L’kR o'e ¢OA,kL,kR—z‘ would lead to the retarded
two-point function. Indeed, iterative use of the re-

lations Ga(kr,kr) = %GA%L —i,kg) and
2

GA(kL,kR) = %GA(]CL,]CR — Z) giVQS

&
GR(kr,kr) = M
2
(45 —ikg)
ng(A)7 (31)

where g%(A) is a normalization factor given by g%*(A) =
limy, -0 GZ(I{:L —in, kg —im). This is the retarded
two-point function with the desired analytic structure:
GR(kr,kg) is analytic in the upper-half complex k-

and kg-planes and has simple poles at kr, = —i27T (% +
n) and kg = —i27T (5 +m) (n,m € Zso) on the lower-
half complex kr- and kg-planes, where T = %(: ﬁ)

is the Hawking temperature with respect to time 7. Let
us next derive the retarded two-point function of CFTq
dual to the rotating BTZ black hole . To this end, let
pr, and pr be momenta conjugate to the BTZ light-cone
coordinates ¢t + ¢. Since 7+ 6 and t £ ¢ are related as
T460=(ry Fr_)(t+¢), we have ky, = —L—p, and

T —T—

kr = ﬁp}g, from which we get
D(hy — o5 ) T(hr — o2
Gﬁ(pLapR) = - ZipTLL - 21-1,71;12 gR(A)7
P(hL - QTK‘TL) F(hR - 27TTR)
(32)

where T, and Tk are the Hawking temperature for left-
and right-moving sectors with respect to the BTZ time
t and given by

_7‘+—7‘_

TL = and TR = ﬂ

2 2T (33)

hr, and hg are conformal weights for a scalar operator
of dual CFTy given by

A - - A
hL:hRZE with hL:hR:].—;. (34)
Note that Eq. precisely coincides with the known
results [8] (see also [B], O] for the case of fermionic
operators.)

Let us next move on to the case where the

point (7,0) € O0AdS3 lies inside the past light-
cone xr;; = 7+6 < 0and zp = 7 -0 <
0. In this case the state (AS)"(BL)™ON r, kp X

e~ tkrtin)zr g=i(kr+im)rr conyerges as n,m — oo such
that (Ag_)"(Bg_)mchA’kL’kR would be well-defined. Iter-
ative use of the relations

A .
S -1+ ’LkL .
GA(kL,kR) = QA%GA(I{L"'L]{R), (35&)
-3 +ikr,
& —1+ikp ,
Galkr,kr) = =—x———Ga(kr,kr +1), (35b)
-3 + Zk?R
then gives the advanced two-point function
U(hp + 526) T(hr + 52£)
Gﬁ(pLJ)R) = - 2¢ T;L = 2ip:,1;R gA(A)a
I(hr + QTrTL) I'(hr + 27TTR)
(36)

where g4 (A) = limp, 1 —s00 Gg(pL +in,pr +im). We
note that, since in general the retarded and advanced
two-point functions are related by complex conjugate
GA(pr,pr) = [GR(pr,pr)]*, the normalization con-
stants must be related by g (A) = [¢(A)]*.
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