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ABSTRACT. Weyl group orbit functions are defined in the context of Weyl groups of simple Lie algebras.
They are multivariable complex functions possessing remarkable properties such as (anti)invariance
with respect to the corresponding Weyl group, continuous and discrete orthogonality. A crucial tool in
their definition are so-called sign homomorphisms, which coincide with one-dimensional irreducible
representations. In this work we generalize the definition of orbit functions using characters of irreducible
representations of higher dimensions. We describe their properties and give examples for Weyl groups

of rank 2 and 3.
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1. INTRODUCTION

We consider simple Lie algebras, i.e., the infinite
families A,,, By, C,, and D,, and exceptional algebras
G, Fy, Eg, E7 and FEg. Several families of multivari-
able special functions — orbit functions — are defined
with respect to related Weyl groups; see . These
functions are called C—, S—, S°— and S'functions and
they have been described in many papers; see [I]—[6].

In [7] we studied a generalization of C— and S—
functions of Weyl groups of A,, using immanants of a
certain matrix 4 with exponential entries. Immanants
are functions defined on the set of squared matrix of
order n. They are related to irreducible characters of
the symmetry group .S,,, among them the standard de-
terminant and permanent. In the paper we reviewed
the fact that the C— (S—)functions correspond to the
permanent (determinant) of the matrix A and studied
non-trivial immanants. These new special functions
possess some of the properties of orbit functions, al-
though they are not invariant with respect to the Weyl
group A,. Another way to define these functions is
to use irreducible characters of the Weyl group of A,,
directly. This definition is then extended for all Weyl
groups of simple Lie algebras .

In this paper we show that we can describe uni-
formly the four families of orbit functions, immanant
functions and new families of functions related to the
corresponding Weyl group using its irreducible charac-
ters via the definition . We give several examples
and prove some important properties.

The paper is organized as follows: In Section 2 we
review some definitions and notions from the represen-
tation theory of finite groups and the theory of Weyl
groups of semisimple Lie algebras. Section 3 presents
infinite families of special functions related to the
Weyl groups. Namely, we summarize some properties
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of the families of C—, S—, S~ and S'-orbit functions
and we define their generalization. In Section 4 we
study properties of these special functions, including
their continuous and discrete orthogonality in Section
4.2 and linear independence in Section 4.3. Section 5
gives examples of functions related to Weyl groups of
rank 2 and 3.

2. PRELIMINARIES

2.1. IRREDUCIBLE CHARACTERS

OF SYMMETRIC GROUPS
For the general definition of character functions we
need to review some notation and facts from the stan-
dard representation theory of finite groups; see for
example [8] @].

Let G be a finite group. It can be written as a
union of its conjugacy classes. Irreducible characters
X, traces of irreducible representations, are mappings
of conjugacy classes to complex numbers. The number
of conjugacy classes equals the number of irreducible
characters. The values of the characters are then listed
in so-called character tables; see Table [T}

Degree dy, of the character xj is the dimension of
the corresponding representation. Linear characters
are the characters of degree one. They are homomor-
phisms between group G and the multiplicative group
of non-zero complex numbers. Characters are real
valued if and only if every g € G is conjugated to its
inverse. This is the case for example for all the Weyl
groups of simple Lie algebras [10, Corollary 3.2.14].

The inner product of characters is defined as

vk X1) = |—61¥| S xi(9)xi),

geaG

where |G| denotes the order of group G. The row
orthogonality relation states that for every irreducible


http://dx.doi.org/10.14311/AP.2016.56.0440
http://ojs.cvut.cz/ojs/index.php/ap

VOL. 56 NO. 6/2016

On generalization of special functions related to Weyl groups

characters xx, X1,

‘*; S xe(9)xi9) = o 1)

geaG

The column orthogonality relation is the following:
for every g,h € G,

: — G|
> xk(@)xu(h) = 59hw, (2)

where |[g]| is the size of the conjugacy class of g.

Moreover, another useful identity holds [9, Theorem
I11.2.7):

> ey ate) = dulShan). @)

geG

2.2. WEYL GROUPS OF SIMPLE LIE ALGEBRAS

Details about the notion introduced in this subsection
are to be found for example in [5].

We consider simple Lie algebras of rank n with the
set of simple roots A = {a1,...,a,}. The roots are
either of the same length or of two different lengths,
called the short and long roots. In the latter case we
can write A = Az U A;. Coroots are a normalization
of simple roots, ¥ = 2a/(a, a). Weights w and
coweights w" are dual to coroots and simple roots,
(i, wf) = (o, wj) = di;.

Integer combinations of the mentioned vectors are

an important tool when dealing with orbit functions.

We define
P=7Zw+...+Zw, (the weight lattice),
PY =Zw) + ...+ Zw, (the coweight lattice),
Q=Zay+ ...+ Zay, (the root lattice),
QY =7Zay + ...+ Za,, (the coroot lattice).

Moreover, we denote by P+ and PT+ the non-negative
and positive part of P, respectively.

Weyl groups W are generated by reflections r; with
respect to the hyperplanes orthogonal to the simple
roots ay, i.e., r;x = x — (v, x)a) . Their action on the
set of simple roots gives the root system W(A). Since
such a root system is irreducible, there exists a unique
highest root £. Coordinates of ¢ in the basis of simple
roots m; are called marks. The affine Weyl group
is an infinite extension which can be described as a
semidirect product of shifts by integer combinations of
coroots @V, and the Weyl group W. Its fundamental

Vv \%
wy wn

domain F is a simplex with vertices {0,

The set of coroots AV generates the same Weyl
group; its action on AV gives a dual root system with
the highest root 7. The coordinates of n in the basis

of coroots are called dual marks and denoted m)'.

Finally, the dual affine Weyl group can be written as
Q@ x W and its fundamental domain F' is a simplex

. . wr o,
with vertices {0, T )

my1’° " my, T

Weyl groups can be described also by their presenta-
tion as a finite Coxeter group, i.e., a group generated
by elements r; which satisfy

2

’l"i:l,

i,7€{1,...,n}, (4)

where s;; = s;; are integers greater than 2.

(Tirj)s” =1,

3. SPECIAL FUNCTIONS RELATED
TO WEYL GROUPS

3.1. WEYL GROUP ORBIT FUNCTIONS

The standard way of defining four families of orbit
functions uses the concept of sign homomorphisms, i.e.,
mappings o: W — {£1}. A sign homomorphism can
be defined by prescribing its values on the generators
of W. They have to satisfy the condition ; we get

(o)) =1, ij=1{1,....m},

There are four admissible mappings: the identity, the
determinant and homomorphisms ¢* and ¢!, defined

as
1, €A,
O'S(’I"oc) — { X 07 l

a € Ag,
1
l )
0 \Ta) =
( ) { 1’

The general formula defining the four families of
orbit functions is for every z € R™ and every A\ € P

SOK _ Z O_(w)e%rz(w/\,w)’ (5)
weW

U(Ti)Q =1,

a € A,
(XGAI.

where o is one of the four sign homomorphisms.

For the choice o = id, we get the family of C—orbit
functions, which are denoted ®,. The family of S—
functions comes from the choice o = det; we denote
©x. The homomorphisms ¢* and ¢! induce families
of S~ and S'-functions, denoted ¢* and ¢'.

These functions have been extensively studied;
see [IL 2, [4] and others. They are multivariable com-
plex functions, invariant or anti-invariant with respect
to the affine Weyl group. They form an orthogonal
basis of spaces of continuous functions defined on the
fundamental domain F' or of discrete functions de-
fined on points of a finite grid in F'. Details are found
in [3, 5, 11].

In this paper we prove the orthogonality of gener-
alized orbit functions using their relations with the
family of C—functions; see Lemma [2] We will use the
following properties of C—functions:

Continuous orthogonality — For every A\, u € P™
it holds that

/F@A(x)tl)u(z)do::|F||W||stabW(/\)\6M, (6)

where |F| denotes the volume of the fundamental
domain F, |W| is the order of the Weyl group W
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and stabyy (\) is the stabilizer of the action of W
on \.
In particular, for the choice p = 0, the C—function
becomes a constant equal to |IW| and equation @
gives

/@A(I)<I>o(x)d$:|W|/ D) (x)dx
F P
= |F[[W[*x0. (7)

Discrete orthogonality — Let M be a positive
integer of our choice. We define a W—invariant
lattice grid Fyy as 57 PY/QY N F. We consider a
space of functions sampled on the points of F; with
a scalar product defined for each pair of functions

frgas

(fo 9y = Y el@)f(x)g(x). (8)

xe€Fy

The weight function e(x) is given by the order of
the Weyl orbit of z, e(z) = % The set of
parameters Ay is defined as Ay = P/MQNMFV.
It gives us a finite family of orbit functions which
are pairwise orthogonal with respect to the scalar

product .
For every A, u € Ajs it holds that

(®x, C)Fyy = | W[M"h30xs, (9)

where the coefficient hY is the order of the stabilizer
of A and c is the determinant of the Cartan matrix
of the corresponding Weyl group. The values of
|[W|, ¢, e(x) and hY can be found in several papers,
e.g., [5]. With the choice y = 0 we can rewrite the
orthogonality relation @ as

> e(@)®a(x) = c|W[M" 0, (10)
xE€F )
3.2. CHARACTER FUNCTIONS

Let W be a Weyl group of rank n with irreducible
characters x1,...,X,. For every x, A\ € R™ and k =
1,...,r we define

A@) =D xu(we

weWw

27rz(w>\,x). (11)

We obtain several infinite families of functions related
to the irreducible characters of W. For shortness we
will refer to them within this paper as to character
functions.

The first two irreducible characters are the trivial
and alternating character. Their values correspond
to the values of the first two sign homomorphisms,
the identity and determinant. In the case of the
Weyl groups of B,,,C,, Fy and G2, the sign homo-
morphisms ¢° and ¢ are the only two other possible
linear characters. Therefore, the definition in-
cludes the families of C— and S— functions for all the
Weyl groups and the families of S°— and S'~ functions
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for B,,C,, F, and G5. The rest of the paper stud-
ies the properties of functions related to irreducible
characters of degree > 2.

4. PROPERTIES OF CHARACTER
FUNCTIONS

4.1. GENERAL PROPERTIES

Character functions are trivial in the case when A = 0.
Indeed, from the orthogonality relation applied to
the trivial character, we get

|W| Z Xk (w

weW

<Xk7 Xl

It implies that the C—function ®g = ¢} equals the or-
der of the Weyl group and all the others are identically
zero. Therefore, we now consider only A # 0.

Character function are not, in general, invariant
with respect to the Weyl group. Nevertheless, we can
describe several symmetries and identities. Let g, x;
be any irreducible characters, ¢ € R and z € R"”.
Then

() = Ph(N)
Pin(x) = P} (cx)
Moreover, for each w € W and x € R™
fu)\(x) = (;5];(’11}_11‘),
P (wz) = P} (z) (12)
and for linear characters
Do (1) = Xk (w)B5 ().

Let A, u € R™. We get the following formula for a
product of two character functions

ok (@)d(x) = > x(wpn(@)emirtens - (13)

w,weW

we have

Two particular cases are of interest, when [ =1, i.e.,
product of a general character functions with a C—
function, it holds that

¢)\ Z (b/\er/,L

weW

and in the case of Xk being a linear character, we get

¢A Z Xk w>\+u( )
weWw

O (@ Z Xk (W) DR 4 ().
weWw

The formula for the product of two character functions
can be rewritten using the following lemma.

Lemma 1. Let w be any element of a Weyl group
W and z,v € R"™. Then

2mi(wr, x _M - . J
R = g Lol (0



VOL. 56 NO. 6/2016

On generalization of special functions related to Weyl groups

Proof. We consider the sum from the right hand side
of and we use formulas and .

> xi(w)l (@) = ij DI

( )627rz(wu x)

wew
— Z eQTr'L('wu z) ZXJ
weWw
_ Z e27r1wux5 ~M
= ]l
_ |W| 2mi(wy, ) =
|[w]]

Now, putting in Lemmal[l} w = id and v = wA+wpu
we could rewrite in the form

Another remarkable property of orbit functions is
the fact that they are eigenfunctions of Laplace op-
erator in R™. By an analogy to [I] we calculate the
Laplace operator in R™ and we get that ¢% (x) fulfills
the Helmholtz equation

A (@) = —4m* (A, N)oh ().

Finally, the following lemma is crucial for the contin-
uous and discrete orthogonality. Its proof is straight-
forward and it is analogous to the proof of the similar
proposition for the immanant functions in [7].

Lemma 2. Let 0 # )\, u € PT and x, x; irreducible
characters. Then

Z stk w;z ) Z Xk (w)xl (w)¢}\+’@'wu (SC),

weWw wawewW
D EA@)E @) = D xk(@)xi(B)B) g (@)-
weWw w,weW

4.2. CONTINUOUS AND DISCRETE
ORTHOGONALITY

The following theorem is analogous to Theorem 3

in [7]. Tt describes the continuous orthogonality of

character functions over the domain F = Uwew wF,
where W is any Weyl group and F the fundamental
domain of the corresponding affine Weyl group.

Theorem 3. For every 0 # A\, u € P™ and every pair
of characters Xy, x; the following relation holds.

WI“|F
L@ _| 'k' e S ),

westaby (X)
where dy, is the degree of the character xy.
In particular, for A\, u € P it holds that

/ﬁw;(x)mdx — [F||W 66x, .

Proof. Using the symmetries of character functions
given by we write

U [d@a@is= 3 [ oha@il, @

weW weW

/Z% o (@)

weWw

From Lemma [2] we get

/ 3 6 (@)0h (@)ds =
F

weWw

- / > Xk (@)XU(0) ] g ()

DEW

g

- Z Xk(wwfl)Xl(w)/@\_wu(x)dx .
7

In the last equation we substituted w = ww.

Since A\, u € PT, the expression A — wu equals zero
only for A = p and w € staby/(\). Then, using
and @ we get

Z xn(wi ™!

)Xt(®) | Px—pu(2)dz
w,weW l F/ g g

=[WIFS. Y, Y x(wd™ (@)

weEstabyy () weW

1
= |W‘2|F|5)\u5kldf Z

westabyy ()

Xk (w).

For \, u € P*T the stabilizer is trivial and the sum

in the above expression equals dj.
n

An analogous method is used in the proof of discrete
orthogonality. Let Fy = UpewwFy = 4 PV/QVQF.
Using the orthogonality of Cffunctions we get
the following theorem.

Theorem 4. For every 0 # A, u € Ay and every pair
of characters x, x; the following relation holds.

> k(@) (@)

zEﬁM 9 1
= C|W| M 6Au5kld* Z
westabyy ()

Xk (w).

In particular, for \,u € Apr NPT it holds that

Z¢A

xGFM

—C|W| Mnlskl(S)\u .

4.3. LINEAR INDEPENDENCY
OF CHARACTER FUNCTIONS

The orthogonality relations described in the previous
section show that functions corresponding to different
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L lalelalale )
’ “01‘02‘(33‘64‘05‘ x|l 1] 1 1 1
xi |l 1] 1] 1] 1]1 xel 1] 1] 1|1 ]~-1]-1
] H Cy \ Co \ Cs \ xe |l 1] 1 |1 |-1]-1 xs | 1| -1] 1 |-1]1]-1
X1 1|1 xs || 1| 1 | =1]1]-1 Xa || 1] —-1] 1 |—-1]~-1
X2 1|1 xall 1] 1 | =1]-1 xs || 2] 2 | -1] -1
xs || 2 |-1] 0 xs | 21-2] 0010 xe || 2| —2]-1]1

TABLE 1. Character tables of Weyl groups of Az, C2 and Ga.

irreducible characters are linearly independent, as well
as functions related to the same character but labelled
by points of two different orbits. This subsection
describes in detail the relations between functions
corresponding to the same character and labelled by
points from the same W-orbit.

Theorem 5. Let xj and x; be any irreducible char-
acters of a Weyl group W and X\ € R"™. Then

Wl
5 u(w)ota(o) = ok
weW
Proof. We write
> Xi(w
weW
= 3 3 @) T
weW weWw
weW weWw
_ Z e2mu (WA, z) Z xi(ww ™) xg (w)
wDEW wew
_ W

)
i NEILI

We used the substitution w = ww, which does not
change the summation limits. Finally, we applied the

formula . =
The theorem can be reformulated as follows.

Corollary 6. Let W be a Weyl group with irreducible
characters x1,...,xr. We fix a character x; and we
consider the corresponding character function qbl)\ as a
function of x € R™. The functions d)lw \» wherew € W,
fulfills r — 1 linearly independent relations, namely,
for each k # 1,

ZXk:

weW

5. CHARACTER FUNCTIONS RELATED

TO WEYL GROUPS OF RANK 2 AND 3
Character tables of all the Weyl groups of rank < 4
can be found for example in [I2]. Some of them are
quite extensive, therefore, we give here examples of
groups of rank 2 and 3.
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5.1. WEYL GROUPS OF RANK 2

Let us consider the irreducible Weyl groups of rank
two, namely Ay, Co and Ga. Their conjugacy classes
are the following:

Ay : €y = {id},
Cy = {7‘17“2,7“27“1},
C3 = {7”1,7”277“17”27‘1}7
Cy : C = {id},
Co = {(r1m2)*},
C3 = {rira, 211},

Cy = {r1,miror},

Cs = {ra,mar172},
GQ ZCl = {ld},
Co = {(r1r2)*},
Cs = {(r1r2)?, (r2r1)},

Cy = {rira, 211},
Cs = {r1,rorire, (rire)*r1},

Co = {ra, 17271, (7“27”1)47”2}~

The irreducible characters of Weyl groups of rank
two are listed in Table[dl The trivial and the alternat-
ing characters correspond to C— and S— orbit func-
tions. For the case of Cy and G, character x3 gives
the S* function and y, the S function. Therefore,
the Weyl groups of rank two give four new families of
functions.

Their explicit formulas are the following:

Ag: 3 (2) = 9e2mNe) _ p2mi(raride) _ 2milrirada)
Cy: (bf/)\(m) — 92m{Az) _ 262771((7“17“2)2)\,1)’
Gy ¢§($> _ 9p2m{Ax) + 262m<(r17~2)3,\,x>
_ 2mel(rire)®Az) _ 2me((rar1)?A)
_ g2mlnirade) _ p2mi(raride)
qbfi(m) — 9e2m{\z) _ 262m<(r1r2)3,\,m>

_ 627rz((7‘1r2)2>\,z) 2771((7"27‘1)2)\,11)

— €
+ 6271'1(7“17“2)\,1:) + 6271'2(7"27”1/\@).
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FIGURE 1. The contour plot of the real part (left) and the imaginary part (right) of the function ¢3((1,2),x) of the
Weyl group W (As). The triangle denotes the fundamental domain F' of the affine Weyl group.
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FIGURE 2. The contour plot (real) of the function ¢°((2,1),x) (left) and contour plot (pure imaginary) of the function
#°((2,1), ) (right) of the Weyl group W (G2). The triangle denotes the fundamental domain F of the affine Weyl

group.

From the properties of orbits we have also

real,

Co: ¢ (2) = {

pure imaginary,

real,

pure imaginary,

Ga: ¢y(z) = {

Linear dependence:

k=1,2,34,
k=5,
k=125,
k=3,4,6.

AZ: (725:;\(1;) + ¢§1’I"2)\("E + ¢§2T1)\('T) = 0’
+

31,\(@

3
. .3 3 _
Ca: o5 (x) + Plryra)2a r) =0,

ElA(x) + (b?zrl’l‘g)\(x) = 0?
32)\(:17) + ¢12117“2T1)\(m) = 07
ra (@) + 07, () = 0.

)
¢32)\(w) + ¢r1r2r1)\(‘x) = 07
(

Contour plots of some character functions related
to Weyl groups of rank two are depicted in Figures ]]
and

5.2. WEYL GROUPS OF RANK 3
Now we consider the irreducible Weyl groups of rank
three, namely Asz, C3. Their character tables are to
be found in Table 2
The conjugacy classes of the Weyl group of Az are
the following;:
As: € = {id},
Co = {11,712, T3, T1T2T"1, T2T'3T'2, I1T2T3T2T1 },
Cs = {r1rs, rarirare, r3rarsrirarsl,
Cy = {r172, 7211, 7273, 7372, 7137271,
T1T9T1Ts, IaT3TT, T1T2T3T2 )
Cs = {rirars, rarsry, r3r1re, 137071,

T3TrsTITe, I1T2 13T }.
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_ lalelelalalalala]e][cn]
X1 1 1 1 1 1 1 1 1 1 1
X2 1 | -11-1 1 1 1 —1 1 —-1] -1
X3 1 1 —1 1 1] -1 -1 1 1 —1
X4 1] -1 1 —-1] -1 1 1 -1
] \\01\62\63\04\05\ X5 || 2 2 | -1 -1 2 2
will1] 11 1 Yo || 2 2] 1 1| 2 —9
vl 11112 xr || 3 1] 0 1o | 1] -1
X3 2 0 2 -1 0 X8 3| —-1] -1 0 -1 1 0 -1 1
x4 | 3 1 1 xo |l 3] 1 1ot 1]o]=t]=1]=3
X5 3| —-1] -1 1 X10 3 | —1 1 0 1 -1 0 —1 1 -3
TABLE 2. Character tables of Weyl groups of As and Cs.
The explicit formulas of functions ¢5™*°(x) are Z P (@) = Z Yo (w)ok \ (z)
(bi(;];) = 2@27""<)‘v$> +262ﬂ'1<7"17“3)\,x> +2627rz(7"2r1r37'2)\,x> weW (As) wEWZ(Ag) ( ) , ( )
2mi(rgrarsrirars\,x) _  2mi(rira\,x) = X3 (w st)\ T
1 2 37273717273 e 172 wetTa
_ 2mi(reri ) 2me(rersA,x) _ 2me(rara,x)
‘ ‘ ‘ = > xs(w)gia@) =0,
. 627rz<'r17’3r2r1/\,z) . e27rz<r1r2r1r3)\,x> wEW (As)
_ e27rz(r2r3r2r1>\,3:) _ e2m(r1r2r3r2)\,:c>, Z (bi;)\(x) _ Z XQ(w)¢qu(x)
weW (As) weW (Az)
(ZS;{(SL’) _ 3627r1<)\,w> +e27rz(r1A,a:) _’_627m<r2)\7x) 3 Z 3 ( )¢5 ( )
2mi(rg\,z) 2m(rireri A, ) = X3(W) P2\ T
+e 8 +e 1= wEW (A3)
271(rararo A, z) 271(r1raT3Te T\, T)
e o = 3 a@)éha(@) =0.
_ 627rz<r1r3/\,x> _ 627r2<r2r1r3r2)\,:6> weW (As)
— 2mulrararamirersAm) o 2mi(rirarsA.z) The Weyl group of C'5 decomposes into 10 conjugacy
_ 627Tz<7‘2r3r1)\,r> _ e27r1(r3r1r2)\,m> classes:
_ e27rz<r3r27"1)\,w> _ e27rz(r3T2r3r1T2)\,w> 031 Cl = {ld},
Cy = {r1,72, 717271, 737273, T3T1T2T T3,

_ 62772(7‘1 roT1T3T2N,T)
)

i(x) — 3627rz()\,z> _ eQTrz(h/\,w) _ eQm(mA,x)

- 627r2(r3)\,z> . 6271'1(7‘17"27’1/\,1)

2m(rarsra X, @) _ 2mi(rireraraTi\,T)

— € (&

_ 6271'2(7“17’3)\,x> _ 627TZ<T2T1T3T2)\’I>

_ e27rz(r3r2r3r1r2r3)\,x> + 627rz(r17"2r3>\,3:)
+ 627rz<'r27‘3r1)\,3v> + 627rz(r3r1'r2)\,z>

+ 627r7,(r3r2r1)\,$> + 627”(1’37"27"37’17"2)\,35}
+ 627m<r17'2'r1r37"2)\,:1:).

The linear dependence relations of functions
¢‘:’\’4’° (2) for labels from the same W—orbit are

Do dia@ = D xa(w)gha(@)
weW (As) weW (As)

= Y xa(w)ia(@)

weW (Az)

= Y xsw)eds@) =0,

weW (Az)
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7’27"17”37’27"37"27‘17"2},

Cs = {7’3,7’27“37"277"17‘27’37"27“1},

Cy= {7“17"2,7“27”177“37“27“17"3,7“17”37“27“3,
r3rar3riTeTy, rarir3rerary,
7’37“17“27’17“37"2,7”27"17“37”27’37“2},

Cs = {7’17"3,7"27"37‘17"2, r1reT3rirae’,

r3rar1r3reTs, r1r3rerir3rerary,
ToT1T3 9 17323},

Ce = {rsra, r17r37211, 213721, T2T3,
T17“27‘37“1,7‘17“27"37‘2}7

Cr = {7“37"17“277“17“27“3,7“27"37“177“37“27“1,
rorgTriT2r1, T172717372,

r3rer1T3reriTs3, 7'37’27"1T27"37"2T3}7

Cs = {7“27“37‘27“3, r1r3rer3rery, 7“27‘17“37“27“37“17‘27“1}7

Co = {7“37’27“37“27"1,7"37°27"37"1T277"17“27“3T27“3,
ToT3T1T2T3, r1T3r2T3r1T2T1,
7’27‘3?"17’27"37‘27’1}7

ClO = {7‘17‘27‘17‘37“27“17“3’/‘27‘3}.
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The explicit formulas and linear dependency rela-
tions can be written down using Definition and
Corollary [6]

6. CONCLUDING REMARKS

(1.) The paper [7] was inspired by an extended possi-
bility of applications of immanants in physics. We
believe that this generalization will find its applica-
tions as well.

(2.) In order to define the Fourier transform using
families of character functions as in [5] we need to
decide about the completeness of the orthogonal set
of character functions.

(3.) There are other directions of future research in-
spired directly by orbit functions. For example,
in [I3] orbit functions with the lowest labels are
used as variables of orthogonal polynomials.
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