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ABSTRACT. We study the similarity solutions and we determine the conservation laws of various forms
of beam equations, such as Euler-Bernoulli, Rayleigh and Timoshenko-Prescott. The travelling-wave
reduction leads to solvable fourth-order odes for all the forms. In addition, the reduction based on
the scaling symmetry for the Euler-Bernoulli form leads to certain odes for which there exists zero
symmetries. Therefore, we conduct the singularity analysis to ascertain the integrability. We study
two reduced odes of second and third orders. The reduced second-order ode is a perturbed form of
Painlevé-Ince equation, which is integrable and the third-order ode falls into the category of equations
studied by Chazy, Bureau and Cosgrove. Moreover, we derived the symmetries and its corresponding
reductions and conservation laws for the forced form of the abovementioned beam forms. The Lie
Algebra is mentioned explicitly for all the cases.

KEYWORDS: Symmetry analysis, singularity analysis, conservation laws, beam equation.

1. INTRODUCTION

There are basically two types of beams. One type is supported at both ends and the other type is supported
at only one end. It is a cantilever. The latter is of greater mathematical and physical interest for the free end
can vibrate. This causes stresses in the beam. The first mathematical description was made by Leonhard Euler
and Daniel Bernoulli around 1750, but there were some earlier attempts by Leonardo da Vinci and Galileo
Galilei who were more than a little hampered by no knowledge of differential equations. Jacob Bernoulli laid the
groundwork for the development of Leonhard Euler and Daniel Bernoulli. In 1894, the polymath Lord Rayleigh
proposed an improvement to the Euler-Bernoulli model by including a term related to rotational stress. In 1921,
Timoshenko introduced considerable improvements in what is now termed the Timoshenko-Prescott model.

There has been a considerable experimental and numerical work devoted to the comparison of predictions
of the theories and experimental results. It should be emphasised that the infinitesimal theory of elasticity
is three-dimensional and that the three models mentioned above are linear models. They make for easier
mathematics, but there is a price to pay. Curiously, the simplest model, that of Euler-Bernoulli, still finds favour
amongst some practitioners.

Some of the experimental work [I] undertaken to compare reality with theoretical prediction tries to make
the experiment as close to a one-dimensional model as possible. One of the more interesting studies is the
propagation of shock waves along the beam. This involves firing a bullet into the fixed end of the cantilever
which is of a small diameter — 25 mm — to emulate a uniform boundary condition at the fixed end of the beam.

The literature devoted to the theory and practice of beams is extensive both in time and space. A fairly
recent paper by Labuschagne [2] is very good in its historical aspects as well as being clearly written. Earlier
papers in addition to that of Davies cited above are by Hudson [3] and Bancroft [4]. An interesting feature is
that the beams are taken to be cylindrical in shape even though the beams one sees in buildings are anything
but cylindrical with some exceptions to be found in beamed structures of the nineteenth century. One assumes
that this makes the analysis simpler due to the radial symmetry. Even a square cross-section would significantly
complicate the mathematics.
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In this work, we study the algebraic properties of the Euler-Bernoulli, the Rayleigh and of the Timoshenko-
Prescott according to the admitted Lie point symmetries, for the source-free equation as also in the case where a
homogeneous source term exists. The application of the symmetry analysis for the Euler-Bernoulli equation is
not new, there are various studies in the literature [5H9], however in this paper, we obtained some new results, as
the reduction of the Euler-Bernoulli form to a perturbed form of Painlevé-Ince [I0] equation, which is integrable
and the third-order ode, which falls into the category of equations studied by Chazy, Bureau and Cosgrove. Also,
we show that the three beam equations of our study admit the same travelling-wave solution.

Certain phenomenal works were recently done for the static Euler-Bernoulli equation by Ruiz [I1] and Da
Silva PL [12]. In Ruiz [11], the Euler-Bernoulli equation with an external agent is studied with respect to the
joint invariants of the algebra and complete solutions are specified whereas in [12], for the static Euler-Bernoulli
equation with specific nonlinear term, it was found that the algebraic structure of Lie point symmetries is
similar to that of the Noether symmetries. It is worthwhile to mention the paper of Freire IL [13] where the
Lane-Emden system is reduced to the Emden-Fowler equations and, correspondingly, the solutions of the system
have been studied with the aid of the point symmetries. To elaborate the above mentioned works, we focus on
the more general Euler-Bernoulli equation with and without the external forcing term and compute its solution
using the point symmetries. It is also our intuition that the point symmetries of the form of Euler-Bernoulli
under consideration do possess some similarities with the Noether symmetries to follow the results of the above
mentioned work.

This paper is structured in the following way: In Section 2, we mention the Lie point symmetries and the
corresponding algebra. In Section 3, we discuss the travelling-wave solutions for all the beam forms and further
reductions of Euler-Bernoulli form using the scaling symmetries. In Section 4, we study the forced forms of the
beam equations. Section 5 is devoted to the singularity analysis of a third-order equation, which is obtained by
the reduction of Euler-Bernoulli equation by using the scaling symmetry. Conservation laws for the three beam
equations are derived in Section 6. The conclusion and appropriate references are mentioned henceforth.

2. LIE SYMMETRY ANALYSIS

For the convenience of the reader, we give a briefly discussion in the theory of Lie point symmetries. In particular,
we present the basic definitions and main steps for the determination of Lie point symmetries for a give differential
equation. Consider H* (t,z,u,u ;) = 0 to be a set of differential equations and u ; = g;i in which y* = (¢, z).

Then, under the action of the infinitesimal one-parameter point transformation

t = t(t,x,ue), (1)
= x(tr,ue), (2)
R (X XTI (3)

in which ¢ is an infinitesimal parameter, the set of differential equations H* is invariant if and only if,
HA A, 2/ u') = HY (t,z,u), (4)
or equivalently

lim HA (o' u'se) — HA (t,z,u)
e—0 £

=0. (5)
The latter expression is the definition of the Lie derivative £ of H* along the direction

ot oz’ ou’
I'=—0;+ —0, + —
et Oe + Oe

= Ba. (6)

Hence, we shall say that the vector field I' will be a Lie point symmetry for the set of differential equations
HA if and only if the following condition is true

Lr (H*) =0. (7)
In other words, the operator I' can be considered to be symmetry provided

rivg4 = o,
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whenever HA(t, z,u,u,;) = 0 and I'™ denotes the n-th prolongation of the specified operator in its defined
space. The set of all such operators can be denoted by G, which can be regarded as the symmetry group for the
set of differential equations HA(t, z,u,u,; ) = 0 [T4HI6].

2.1. THE EULER-BERNOULLI EQUATION.

The Euler-Bernoulli form of the beam equation is [T}, [I7],

aﬁuwwaxv + U = 0. (8)
The Lie point symmetries are
Fla = 83, ; 1—‘2(1 = 8ta
I3 = uau ’ 4o = 2t8t + xa:m
Ts5a = a(t,x)dy,

where a(t, z) satisfies the Euler-Bernoulli form of the beam equation. The Lie Algebra is (A3 3 @ A1) &5 0041,
according to the Morozov-Mubarakzyanov classificatin scheme [I8H21]. E|

2.2. THE RAYLEIGH EQUATION.

The Rayleigh form of the beam equation is [I1 [17],

aﬁuzxmx + Uy — ﬂuzztt =0. (9)
The Lie point symmetries are
Flb = at ) F2b = 8@:7
Ly = udy, Tup =b(t, )0y,

where b(t,z) satisfies the Rayleigh form of the beam equation. Consequently, the admitted Lie algebra is
A3 Ds OOAl.

2.3. THE TIMOSHENKO-PRESCOTT EQUATION.

The Timoshenko and Prescott form of the beam equation is [T}, [24],

€Uttt

aﬂuzrx;ﬂ + Uy — ﬂ(l + e)uxxtt + =0. (10)

The Lie point symmetries are

e = 0 , Toe = O y, I'ze = uauv
Tye = c(t,2)0u,

where c(t, z) satisfies the Timoshenko and Prescott form of the beam equation. Hence, the admitted Lie Algebra
is A3 Ds OOA]_.

Therefore, we can say that the Timoshenko-Prescott equation and the Rayleigh equation are algebraic
equivalent, but different with the Euler-Bernoulli equation as it admits a higher-dimensional Lie algebra.

We proceed our analysis by applying the Lie point symmetries to determine similarity solutions for the three
equations of our study.

IWe use the SYM package developed by Prof.Stelios Dimas [22] 23].
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3. THE TRAVELLING-WAVE SOLUTION

The travelling-wave solution for eq , with respect to I's, + cl'14, where ¢, denotes the frequency, leads to the
fourth order equation,

0" (s) + B (s) = 0, (11)
where
s = x—ct,
v(s) = wu(x,t).

The Lie point symmetries of equation are

g = 0,
Fog = Oy,
3¢ = 50,
Faa = 00y,

. cs
I'sqy = sin mav,
Teqg = cos ii’)@.

The reduced form has six symmetries and hence linearisable, the solution for the fourth-order equation can
be given as,
(s) = CO+ClS+OQSini 4—03008i
° Vap Vap’
where C;, 1 = 0,1, 2,3 are arbitrary constants. Corresponding, to which the solution for Euler-Bernoulli form of
beam can be given as

c(x —ct)
Vap

3.1. FURTHER REDUCTION OF THE EULER-BERNOULLI EQUATION.

c(x —ct)

u(z,t) = Cy + C1(z — ct) + Caysin ~Vag

+ C53 cos

The reduction with respect to I's, and I'y,, leads to fourth-order odes. For the similarity variables with respect
to 2F3a+r4a;

_t
s = ﬁ’
u(t,z) = tu(s),

the reduced ode is

2 .
(ﬁ + 12052) o'+ (s +300s%) v + 14450 4 16570 = 0.
o
The latter equation is solvable. We continue by considering the similarity variable u(t,z) = xv(s), with respect
to I'3q+T'4, for s being same as above leads to the fourth-order ode,

1
2450 + (5 + 15652> V" 41653 (70" + sv”"") = 0. (12)
@
The equation has a total of five Lie point symmetries with d,, vd, are the two simpler symmetries, the other
three are in terms of Hypergeometric functions, which is complicated enough to be mentioned here.
We apply 9, to perform the reduction. The new invariant functions are s = h and g(h) = v’(s), hence, the
reduced equation is a third-order ode,

g"(h) = 779,;11(}7') . (4‘192 + 16};@/8) g'(h) — 3g(h). (13)
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The latter equation admits four Lie point symmetries. The simpler one being gd,, the other three are
hyperbolic functions of sinh,cosh and Hypergeometric function respectively. We consider g0y, to do the
reduction.

The subsequent second-order equation is,

) = (=3mo) = D)) = oy - PE (384 - 2 (14)

n n 4n2 " 16ntap TN
where n = h and m(n) = gg/ ((:)). This is the perturbed form of Painlevé-Ince equation and the singularity analysis
of this equation shows that it is integrable. In our subsequent paper, we look at the analysis and discuss it
elaborately. The reduction of with respect to v0,, leads to a third-order equation with zero symmetries,

g0 = (=ag)~ 1)) =302 - (oam + 12+ I+ ) g0
. Tg(h)* [ 39 1 , 3g(h
o) = T (% + T ) o - (15)

where h = s and g(h) = fj/((ss)). This equation is integrable as ascertained by the singularity analysis, the

calculations of which are mentioned in a following section.

3.2. THE TRAVELLING WAVE SOLUTION FOR THE RAYLEIGH EQUATION.

The reduction using I'y, + cI'p leads to the fourth-order equation which is maximally symmetric, where c is the
frequency. The definition of similarity variables s and v(s) is similar to that of the previous case.

(1= Bc)v""(s) + " (s) =0, (16)
which is in the form of equation .

3.3. THE TRAVELLING-WAVE SOLUTION FOR THE TIMOSHENKO-PRESCOTT EQUATION.

In a similar way, the application of the generic symmetry vector, I'1. 4 c['a., in provides the fourth-order
ode,
(a?B — Bc*a — aBc’e + c*eB) v (s) + ac®v" (s) = 0, (17)

which is again in the form of . Consequently, we conclude that the three different beam equations provide
the same travel-wave solutions.
We continue our analysis by assuming the existence of a source term f (u) in the beam equations.

4. SYMMETRY ANALYSIS WITH A SOURCE TERM

In this section, we study the impact of the forcing-source term f(u) in the rhs of the Euler-Bernoulli, Rayleigh
and Timoshenko-Prescott beam equations.

4.1. EULER-BERNOULLI.

The Lie symmetry analysis for the Euler-Bernoulli equation with the forced term f(u), leads to the following
possible cases for the forcing term

f1(w) =au+b, 18)
f2 (u) = (au+b)", 19)
fa (u) = e@utd, )
)

fa (u) = arbitrary.

20

(
(
(
(21

For fi(u), the admitted Lie point symmetries for the Euler-Bernoulli equation are,
=0, T =08,, T =ud, , DL =b(t,2) 0.,
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where they form the 3A4; Lie Algebra and b (¢, x) is a solution of the original equation.
For the source fs (u), the admitted Lie point symmetries are,

F{z:at , rgzzax , rg}:2(n—1)t8t+(n—1)x8x—4(u+Z)au,

which they form the 24; &, A; Lie Algebra.
For f5(u) the admitted Lie point symmetries are,

4
=0, TP =08, , TP =20, + 20, — =0,
a

where the corresponding Lie Algebra is the 24; ® A;.
Finally, for the arbitrary functional form of f (u), the admitted Lie point symmetries are the only two
symmetry vectors,
I =0, I3 =0,

which form the 2A4; Lie Algebra and provide the travelling-wave solution.

4.2. RAYLEIGH AND TIMOSHENKO-PRESCOTT EQUATIONS.

For the other two beam equations, namely the Rayleigh and Timoshenko-Prescott equations with a source term,
we find that, for a linear function f = f; (u), the two equations admit the same Lie point symmetries with the
force-free case, while for arbitrary function f (u) = f4 (u), admit only two Lie point symmetries, the vector fields
F{“, F£4 which provide travelling-wave solutions.

4.3. SYMMETRY CLASSIFICATION OF ODE.

We show the reduction with the Lie point symmetries, F{“ + cF%c“, because the three beam equations of our
consideration provide the same fourth-order ODE, which now, with a source term, takes the following form,

’UHN + C2,1)// _ f (’l}) , (22)

We perform the symmetry classification of the latter differential equation and we find that, for the arbitrary
function f (v), the latter equation admits only the autonomous symmetry vector 9,. However, for a constant
source f (v) = ag, the Lie point symmetries are,

Os ,0p , 80, , (2021) — a052) Oy , cos(cs) D, , sin (cs) Oy,
where the generic solution of equation is,
2, (23)

. a
v (s) = vy sin (¢s) + va cos (cs) + v3s + vq + 2028
c

On the other hand, for f (v) = a1v + ag, equation admits the six Lie point symmetries,

V22 + 2Vt 1 day V22 — 2/t ¥ day
+i 5 s 0y, exp | i 5 s]o

vy

0s , (av+ag)d, , exp(

where the generic solution of is,

V22 + 2¢/cF + day V2¢2 + 2¢/cF + day
v(s) = wy expli 5 s| +uveexp | —i 5 s |+

V22 — 2/t ¥ day V22 — 2/t ¥ day
+vzexp | +¢ 9 S| t+uvgexp | —2 5 s|.
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4.4. SCALING SOLUTIONS FOR THE FORCED EULER-BERNOULLI EQUATION.

We continue by presenting the reduction with the scaling symmetries for the Euler-Bernoulli equation for the
power-law and the exponential sources f; (u) and f5 (u). For simplicity and without a loss of generality, we
select b = 0.

For the power-law source fs (u) = au™, the application of the Lie point symmetry I’g):? provides the reduced
fourth-order ode,

3n+5 , 8(1l+n)h
sv

—4av™ =0, 25
n—1 (n—1)° (25)

4a50////+82v//+

in which s = % and u (t,z) = v (s) T,

For the exponential source f3 (u) = e, the reduced equation given by the scaling symmetry is,
4afu™ + s%0" + 3sav’ + dae™ +8 =0, (26)

where now s = % and u (t,z) = —21In(t) + v (s).

5. SINGULARITY ANALYSIS
The third-order ode that we apply the singularity analysis to is or

24vy(x) + y(x)? + 156vs?y(2)? + 112v23y(2)® + 16vaty(z)* + 5/ (z) + 156v22y ()
+336va’y(x)y (z) + +96vaty(x)?y (z) + 48vaty’? (x) + 112v23y" (x)
+64vaty(z)y” (x) + 16vaty” (z) = 0,
(21)

where g (h) =y (2) , h = z and a8 = v. We apply the ARS algorithm [25H27] and we make the usual substitution

to obtain the leading-order behaviour [28],
y — a(z —x0)", (28)

which provides

32avpzt(x — x0) T3P — d8avp®zt (x — o) T3P + 16avpiat(z — x0) 3P — 112avpa (x — zo) 72 HP
+112avp*a® (x — x0) 2P 4 ap(x — x0) " P 4 156avpa® (x — x0) 1P + 24ava(x — x0)P

+a?(z — 20)?P + 156a%va?(x — 20)* + 112a°va® (x — 20)*F + 16a*va’ (z — x0)*P

—64a’vpat(x — x0) "2 4 112a%vp?a* (x — 20) T2 T2P + 3360 vpa’ (x — x) 1P

+96a3vpat (x — x0) 1T = 0.
(29)
From the latter, it is evident that p — —1. Hence,

96avx? 176a’vz*  96a3vz? 16avz? 224avz’
(@ —z0)*  (z—w0)* (z—z0)! (z—20)" (2—m0)°

336a’va® + 112a3v23 a (30)
(x—x0)®  (r—m0)® (v —m0)?
a? 156avz2 156a%va? 24avx

(x—x0)2 (r—z0)?2 (x—1x0)? x—x0
We extract the obvious dominant terms,

_ 96avx? + 176a2vz* _ 96a3vzt + 16a*vz® (31)
(x —x0)*  (z—m0)* (v—m0)* (z—z0)*

and solve for a,
(=34 a)(—2+a)(—1+a)a=0, (32)
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to obtain,
a—0,a—1,a—2,a— 3. (33)

In order to find the resonances, we substitute,
y = ale —x0) ' +m(z —xo) 1T, (34)

and we linearize around m.
Then, the usual x — z + xg, simplify the calculations and provide the dominant terms factor as,

16v(—3 +2a + s) (2 — 6a + 2a° — 35 + 2as + s*) zoz~ 42, (35)
and for the three values of a, we obtain the three sets of resonances, for each value of the coefficient term a :
a=1:s— -1, s—1, s— 2,

a=2:8——-2,s——1, s—1,

and
a=3:5— -3, s— —2, s - —1.

For a = 1, the solution is expressed in terms of a Right Painlevé Series, for a = 3, in terms of a Left Painlevé
Series and for a = 2, in terms of a Mixed Painlevé Series.
We commence the consistency test. For the Right Painlevé Series, we write

y— (x —20) t + Fo + Fi(z — z0) + Falx — 20)* + Fa(z — 20)® + ... (36)

where Fj and Fj are the second and third constants of integration. The output is enormous and hence omitted.

The substitution  — z 4+ xg, just makes it easier to collect as powers. The terms in z~! are,

2Fy N 24vxg N 312Fyva? N 336 Fgva} N 336 Fyvad N

z z z z z
+64F5’1/x§ n 192F0F11/333 n 128F2Vx3 Co 0 (37)
z z
This is solved to give,
64vegFy — —Fy — 12vxg — 156 Fgvad — 168F v +
—168F vz — 32a3vay — 96 Fy Fivay,. (38)

The expression for F5 is substituted into the major output,

22F,

—TF2 + 3F, — 2400 — === — 2880F,vxq — 3780F2va? — 2220 F va? +

o
—1680F vy — 1680F, Fivxd — 240F vy +
—480F§ Fyvag + 240Ftvay + 480 Fsvrs = 0,
(39)
and the coefficient of the constant term is solved to give F3 as,
480vayF3 = 22Fy + TFZxg — 3F 0 + 2400z + 2880 Fovag + 3780F vard
+2220F vl + 1680 F vy + 1680Fy Fvaxg + 240F vy + 480F; Fivxy — 240F v,

(40)

Thus, there is not a problem with the determination of the coefficients of the terms in the Right Painlevé Series.
As certain terms in the third-order ode are less dominant, there cannot be a Left Painlevé Series. The possibility
of the existence of a Mixed Painlevé Series is moot due to the practical difficulty of calculating coefficients.
Consequently, equation is integrable according to the Painlevé test
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6. CONSERVATION LAWS

The Ibragimov’s theory of nonlinear self-adjointness details the construction of conservation laws for a scalar
pde[29H3T]. Our first step is to verify the self-adjointness condition on the various forms of beams and later on,
compute the conservation laws. The preliminaries can be easily accessed from[29].

The main motivation behind using the Ibragimov’s approach is to obtain the conservation laws to deduce
certain special solutions for the Beam equations following the methodology specified by Cimpoiasu [32], where
the author have used the nonlinear self-adjointness method to compute solutions for the Rossby waves. The
Noether’s theorem can be easily applied to obtain the conserved terms but it is our intuition that the non-local
conserved terms as obtained using the Ibragimov’s method can contribute in obtaining new solutions in a different
subspace of the complex plane. The main objective is to deduce new solutions using the point symmetries,
singularities and conservation laws. For instance, the Euler-Bernoulli equation does imply the existence of series
type solutions through the method of Singularity analysis as mentioned in Section 5 for equation .

Let the scalar PDE admit the following generators of the infinitesimal transformation,

) 0 0
V:gl(x,u,ui,..)@+77(J:,u,ui,...)%. (41)

Then the scalar PDE and its adjoint equation, as defined above, admits the conservation law

pr oL _ o, (9L . oL \ _ ‘ oL, (9L
C=0Lw (8% D; (auij) i (auuk) ) +DJ(W) (auazj P (8%‘]') " )

+D; Dy (W) ( oL _ ) ,

0

Uijk

where W = n — £*u; and L denotes the Lagarangian of the corresponding form of the beam equation. For the
Euler-Bernoulli, Rayleigh and Timshenko-Prescott forms the Lagarangians are as follows

L = q(ta .CL') (Utt + aﬁuzxxw);
L = Q(ta x)(aﬂumzzz + Ut — 5uazmtt);
u
L = q(tv {II) (O‘Bumzzz + Ut — B(]- + e)uzztt + 65 i )7

where ¢(t,z) is the new dependent variable. To verify the non-linear self adjointness, the substitution of
q(t,x) = ¢(t,x,u), to the adjoint equation of , @ and must satisfy for all solutions u of those equations.
The possible values of ¢(t,z,u) is a constant term, let us say, Ap and Aju(t,x) + As, where A; and A, are
arbitrary constants. A complete description of this method can be obtained from [29].

6.1. CONSERVATION LAWS FOR THE VARIOUS FORM OF BEAM.

With respect to each of the symmetries in , we compute the nonzero conservation laws.
For I'y,, the conservation components are

Ct = ua:¢t - uwt¢(ta z, U),

Cx (b(t» x, u) (utt + aﬂuwzxm) + aﬁum(bwzma: - aﬂuazw¢za: + aﬁ(b:vumza: - uwz$m¢(t7 x, u)

(42)
For Fga,

¢(t7 €, u) (Utt + O‘B“xmxw) + Uy — utt¢(tv €, u);

Ct =
Cx = aﬂ(ut¢mxa: - uzt¢wz - uwwt¢w - Uxmﬁb(t, xz, u))
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For I's,,
Ct = - u¢t + ut¢(t7 x, U’)a
¢’ = aﬁ(uw(bwz - U(bwza: + uwz(ba: + uzxa:w)
(44)
For T'y,,
et = 2t(d(t, 2, u) (U + BUgrer)) + Or(2tus + Tuy) — G(t, 2, 1) (2tbusy + 2up + Tgt),
= $(¢(t, &€, u) (Utt + O‘B“zmxm)) + aﬂ‘bzzz (Qtut + ‘T'Umc) - O‘ﬂ(bzz(Qtumt + TUgq + um)
(45)
FOr I's,,
ct = - (l(t, fE)Qst + at¢(t7 z, ’LL)7
(46)
Next, we compute the conservation laws of equation @7 with respect to its symmetries.
T'y, leads to the following conserved components,
= o(t, x, u) (PUzprs + Ut — BUgarr) + wrdy — O(E, T, u)uyy,
= O‘ﬁ(uﬂbxmx - uxt¢;cx + u;wct¢x - ua:acxtd)(t) z, u))
(47)
For I'g,
ct - ux(bt - th¢(t, xZ, u)a
CI = ¢(tv x, u)(aﬁumxmz + Ut — ﬂurxtt) + aﬁ(u1¢xzz - ux:L’QSzz + uzzz¢x - ¢(t7 €, u)uzzzx)
(48)
For I'gy,
Ct = ut¢(t7 z, u) - u¢t7
= O‘B(Uxﬁbxx - u¢;wcx — Uy Py + uzxx¢(t7 z, u))
(49)
For 'y,
e = bip(t, x,u) — b(t, )y,
' = aﬁ(br¢mz - b(ta x)(bmzz — byz s + bmz¢(t, xz, U))
(50)

For the Timoshenko-Prescott form of the beam , the conserved components are as follows:
For I'y,

= (b(t,x,u) <a6uxmm + U — 5(1 + e)umwtt + 6&;&#) + ut ((bt + €ﬁ¢ttt> — Utt ((b(t,x, u) + ﬂ%)

«a
efo(t, x,u)
ttt )
«

geion
+ Ut — Ut
o

Cx = aﬁ(ut(bwwz - ua:tgba::v + uza:t¢z - uzzzt¢(ta €, u))
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For Ty,
Ct = Uy <¢t + ¢ttt€/6> — Ugt <¢<ta xZ, U) + (btteﬁ) + Ugtt ¢t€ﬁ - ’U/xtttﬁy
« « « (6]
Cm = ¢(t7 €, u) (aﬁumxzz + Ut — B(]- + E)sztt + Eﬁ’l;tttt)
+ aﬁ(um¢zzx - uwz(b:rm + ua:a::r¢z - (b(t; x, U/)uza::rz)
(52)
For F3C,
d— _u <¢t " 65¢ttt> Fuy <¢(t,x,u) n € ¢tt) _Utt% _’_umfﬁqs(t,%u)’
« « « «
¢’ = aﬁ(uzqsm:E - U(bm:vz - u:r:v¢z + umzz¢(t» x, U))
(53)
For F4(:7
¢ = —e(t,a) (¢t N eﬁ¢ttt) Lo, <¢(t,x,u) N eﬁ@t) e eBr e 65¢(t,$,u)’
(0% « (6 «
¢ = af(ceGrz — (b, X)Puzz — Con®u + Canad(t, T,u)).
(54)

7. CONCLUSION

In this work, we focused on the algebraic properties for three different forms of the beam equations with or
without a source. For the source free equations, we found that the Euler-Bernoulli equation is invariant under
the Lie algebra (A3 3 ® A1) @5 00A;, while, the Rayleigh and Timoshenko-Prescott equations are invariant under
the Lie algebra As @, 0c0A;.

In the case of an isotropic source f (u), we found that the Euler-Bernoulli, Rayleigh and Timoshenko-Prescott
equations are invariant under the Lie algebra 24, for an arbitrary source f (u). Moreover, for the Euler-Bernoulli
beam equations, the admitted Lie algebras are Az @5 00A; for Linear f (u) = au+b, 2A; B Ay for exponential
or power-law functional form. For the other two beam equations, there are no specific functional forms of
f (u), where the equations admit different algebras. Therefore, for the source-free equations, we derived the
conservation laws by applying the Ibragimov’s method.

We applied the Lie point symmetries to reduce the pdes and we proved that the three beam equations
provide exactly the same travelling-wave solutions. The most important result of our paper is the reduction of
Euler-Bernoulli equation to a second-order equation, of the form of perturbed Painlevé-Ince equation and to a
third-order equation, which was studied by Chazy, Bureau and Cosgrove. One of our subsequent papers will be
on the singularity analysis of the perturbed Painlevé-Ince equation. Moreover, our future work also includes
deriving further solutions of the different forms of beams using conservation laws.
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