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ABSTRACT  

The study of the constitutive relationship of lunar soil is the key to a deep understanding of the 

mechanical properties of lunar soil. Previous models mostly focused on the strengthening behavior, 

while rarely reflected the post-peak softening and residual deformation stages during shear deformation. 

A new elastoplastic constitutive relation is derived with combining kinematic hardening model and initial 

shear stress, which effectively compensates for the shortcomings of existing constitutive models, and 

the validity of the model is verified by comparing with existed laboratory test results. The developed 

constitutive model not only effectively captures the shear dilatancy and softening characteristics of lunar 

soil simulant, but also only requires fewer parameters to be easily determined by simple initial loading 

curves from direct shear tests, Furthermore, the influences of some key parameters on shear strength 

and softening behavior of lunar soil simulant can be easily obtained based on this constitutive model. 
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 INTRODUCTION 

The lunar exploration project first requires studying the interaction between lunar probes and 

lunar soil, but there are very few real lunar soil samples, so only lunar soil simulant with similar properties 

(these similar properties include basic physical indicators, particle grading and distribution, as well as 

particle shape, etc.) can be used to replace real lunar soil [1-4]. The key challenges faced in this 

endeavor involve understanding the interaction mechanisms between the lunar drilling equipment and 

lunar soil under low-stress conditions, as well as the unique mechanical properties of lunar soil in low 

gravity environments [3-5]. To address these challenges effectively, a reasonable constitutive model is 

an essential approach to accurately describe the mechanical properties of lunar soil simulant, which will 

provide a significant reference value for lunar soil drilling and sampling, design of landers, rovers, and 

drilling equipment on the moon.  

The success rate of lunar surface sampling primarily depends on the understanding the 

constitutive characteristics of lunar soil. In the past decade, some empirical constitutive models have 

been established based on data fitting from experimental tests and numerical simulations. For example, 
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Hasan and Alshibli [6] simulated the triaxial compression test of JSC-1A （the name of lunar soil 

simulant developed by Johnson Space Center）lunar soil simulant using a three-dimensional particle 

flow code (PFC3D). Based on the experimental data, they established an empirical constitutive model 

for the peak internal friction angle, residual friction angle, density, and average normal stress. Hicher 

and Chang [7] established a constitutive model considering the surface energy effects caused by static 

electric forces of lunar soil particles based on triaxial compression test data. They analyzed the influence 

of surface energy on the shear strength of lunar soil. Richard [8] used the Cambridge model to describe 

the constitutive behavior of lunar soil based on triaxial test data. By adjusting the friction angle, the fitted 

the modified Cambridge model's yield surface and critical state line suitable for lunar soil. Zou et al. [9] 

developed an internal stress model to investigate the bearing capacity and shear strength of lunar soil 

simulant. Hou et al. [10] and Jiang et al. [11] also proposed a novel contact model of lunar soil particles 

to investigate the main mechanical properties of lunar soil simulant, the results indicated that the lunar 

soil simulant under low gravity environment are different from those on the earth. Liu et al. [12] 

established a variable constitutive model based on discrete element simulations to study the shear 

strength and elastoplastic behavior of lunar soil simulant under loose and dense conditions. Furthermore, 

Liu et al. [13] further proposed an equivalent boundary method based on this constitutive model to 

effectively address the computational cost issue in discrete element simulations for lunar soil drilling and 

sampling. Schafer et al. [14] used an elastic-plastic constitutive model for dynamic behavior of lunar soil 

to study the sampling process under different surface gravity environments. Liang et al. [15] used 

ABAQUS finite element software based on Cap Drucker-Prager model to simulate the landing impact 

process of a lander. Mao and Liu [16] developed a smoothed particle hydrodynamics (SPH) model with 

the elastic-perfectly plastic constitutive equation and Drucker-Prager yield criterion to simulate the 

electrostatic transporting of multiple charged lunar dust particles. Li et al. [17] also developed a new 

wear mechanical model for lunar dust to investigate the mechanical properties of lunar dust (including 

adhesion, contact, and wear), and rationality of the model was verified through experiments. These 

models effectively reflect some special mechanical properties of lunar soil simulant from a certain 

perspective and obtain corresponding applications. However, there are few or almost no models 

consider strain softening characteristics caused by cementation failure in the lunar soil simulant, it is 

difficult to describe the shear dilatancy and softening characteristics of lunar soil simulant under low 

stress levels. 

Focusing on this problem, many experimental and simulation works have shown that lunar soil 

simulant exhibits significant shear dilatancy and softening characteristics under low stress conditions 

[18-23]. A rational constitutive model should reflect the shear dilatancy and softening characteristics of 

lunar soil simulant under low stress levels. Though discrete element simulations can effectively capture 

microstructural deformation features and related mechanical properties, the small size of sample used 

in calculations cannot fully represent the macroscopic mechanical behavior of the entire material. 

Moreover, due to the lack of research on the shear dilatancy behavior of lunar soil simulant and strain 

softening caused by cementation failure at low stress levels, the understanding of the mechanisms of 

the shear dilatancy and softening remains unclear, resulting in lack of a clear understanding of 

mechanical properties of lunar soil in low gravity environment. Therefore, it is important to establish a 
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micromechanical constitutive model that considers the shear dilatancy and softening characteristics of 

lunar soil simulant. This would help reveal the constitutive properties of lunar soil in low gravity 

environment and accurately describe its mechanical behavior.  

ELASTOPLASTIC CONSTITUTIVE THEORY 

The schematic diagram of shear stress-shear strain curve is shown in Figure 1. This curve can be 

divided into three stages as the shear strain changes:  

(1) Linear elastic stage: In this stage, the shear strain of the lunar soil simulant is relatively small, 

and the shear stress has not reached the yield threshold. The deformation of the lunar soil simulant 

sample can be considered as elastic.  

(2) Elastoplastic stage: With increasing shear strain, the shear stress gradually reaches its peak 

value. Then, the sample enters the elastoplastic stage. At this time, the shear stress of the lunar soil 

simulant has reached the peak stress, the contact between particles begins to yield, and the shear 

stiffness decreases. In the process of shearing, there will also be relative deformation in the normal 

direction, and the sample will experience shear dilatancy.  

(3) Softening stage: With the gradual increase of shear stress, the internal cementation of the 

lunar soil simulant is destroyed, and softening occurs, and the shear stress is greatly reduced. These 

three stages can be called elastic, elastoplastic, and softening stages, respectively (See Figure 1). 

        

  Fig.1 - Schematic diagram of shear stress-shear strain curve of lunar soil simulant 

The current work will be based on the shear stress-shear strain curve OABC shown in Figure 1, 

which can be divided into two parts: the first part is the elastoplastic hardening stage OAC, and the 

second part is the shear dilatancy and softening stages ABC. Based on these two parts, corresponding 

constitutive equations will be proposed. 

Development of the elastoplastic strain-hardening model 

Based on the theory of elastoplasticity, during the process of shear deformation in the lunar 
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soil simulant specimen, the plastic potential function Q, the yield function F, the elastic scalar factor d , 

and the hardening modulus H are known. The strain increment of the lunar soil simulant under loading 

can be divided into two parts: elastic reversible and plastic irreversible strain increments: 

                                                          
e p

i i id d d  = + （ i = 1, 2）                                                     

(1) 

In the equation, i =1, 2 correspond to the tangential direction and normal direction, respectively. 

Furthermore, based on Hooke's Law, the relationship between the elastic deformation increment 

and the stress increment of the lunar soil simulant can be obtained: 

                                               ( )e p

i ij j ij j jd K d K d d   = = −                                                             

(2) 

where 
ijK  is the elastic stiffness matrix. 

According to the plastic flow rule, the plastic strain increment of the lunar soil simulant can be obtained: 
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By substituting (4) into (3), the plastic strain increment can be obtained: 
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Finally, by substituting (5) into (2), the relationship between the stress increment and the strain increment 

can be obtained. 
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(6) 

Where 
ep

ijK   is the elastoplastic stiffness matrix. Equation (6) represents the general form of the 

elastoplastic constitutive equation under non-associated flow rule. The hardening modulus H has 
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different expressions for isotropic hardening, kinematic hardening, and other cases. Since the tangential 

stress and tangential displacement of the lunar soil simulant eventually approach a stable curve 

(residual stress tends to stabilize) under shear loading conditions, the strain-hardening model is used 

here to describe this deformation mechanism. 

Under the kinematic hardening model assumption, the initial yield function is assumed to be the 

Mohr-Coulomb yield function [20-24]:    

 ( ) tan( )i n bF c   = − −                                                               (7) 

In the equation, c  represents the cohesive strength of the cementation of the lunar soil simulant. 

The subsequent yield surface of the kinematic hardening model in stress space is obtained by rigid 

translation. Therefore, the subsequent yield function can be assumed as: 

                                                 ( , , ) ( )p

i i i if k F k   = − −                                                        (8) 

In the equation, p

i is the plastic strain, i  is the back stress, which is a function of the coordinates of 

the loading surface center and the plastic strain. k is the hardening parameter. 

In plastic deformation, the yield function satisfies the consistency condition: 
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Based on the associative flow rule, by substituting (3) into (9), we obtain:  
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Assuming id  and p

id  are linearly relation, that is, following the Prager hardening rule: 

                                                                   
p

i id cd =                                                                    (11) 

where c represents the work hardening function, which is expressed as follows: 
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In equation (12), r  represents the residual shear stress, and r represents the residual shear strain. 

Substituting (11) into (10), we obtain:    
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By combining (6), (12), and (13), the incremental stress-strain constitutive equation for the kinematic 

hardening model can be respectively obtained as follows: 
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In the equation (14), 
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Usually, the normal stress is a constant value, and its stress increment 0=d . Therefore, we have: 
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Equation (15) reflects the deformation characteristics of the lunar soil simulant under shear loading. In 

Figure 1, the strengthening segment passes through the initial yield point A ( 0 , 0 ) and the residual 

strength point C ( r , r ). Thus, from equation (15), the following is obtained: 
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Since ssK  is much larger than 0 −r , the 
ss

r

K

0 −
 in equation (16) can be neglected, that is: 
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In the initial elastic segment OA of Figure 1,  OA siK =                                                                   (18) 

In the equation (18), siK  is the initial shear stiffness. 

Development of the shear dilatancy and softening model 

Due to the cementitious particles and their irregular geometrical shape in the real lunar soil [1], 

as shown in Figure 2, during the shear process, the cementitious particles in the lunar soil and their 

micro-asperities interlock with each other, leading to an enhanced stress concentration effect and the 

formation of shear planes that are prone to being sheared. This shearing action causes damage to the 

particles of lunar soil simulant. When the shearing of micro-asperities accumulates to a certain extent, 

the intact regions undergo instantaneous failure, resulting in a sudden drop in stress, known as the 

softening phenomenon. In most cases, as the particles undergo shear deformation, the shear stress 

first undergoes an increasing stage and then experiences a significant decrease, exhibiting both 

hardening and softening phenomena. 

The shear dilatancy of lunar soil simulant primarily arises from the irregular surface morphology 

of its structural planes. It reflects the complex relationship between the tangential and normal 

deformations of the lunar soil simulant, and affects the variation of stress during tangential deformation. 

When subjected to shear, the interlocking action between micro-asperities inside the cementitious 
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particles significantly increases stress concentration. The appearance of sheared contact surfaces 

reduces the shear dilatancy angle. Therefore, the lunar soil simulant exhibits both shear dilatancy and 

softening during deformation. As deformation and damage of the cementitious material accumulate, it 

causes macroscopic structural failure of the cementitious material and significantly reduces stress, 

which is known as softening phenomenon. During the loading process, the shear stress of the lunar soil 

simulant first rises and then experiences a sharp drop, corresponding to the phenomena of shear 

dilatancy and softening, respectively. 

 

                   Fig.2 – Lunar soil and cementitious particles in the lunar soil [1].  

The shear dilatancy and softening phenomena proposed in the present work are mechanical 

characteristic that lunar soil simulant during shear deformation process, and in our previous numerical 

simulations also focused on describing this deformation characteristic [21-23]. Based on this 

characteristic, we can assume an initial shear stress that represents the occurrence of both shear 

dilatancy and softening in the vertical direction when the lunar soil simulant undergoes shear 

deformation, with the softening phenomenon resulting from the failure of the cementitious materials. By 

isolating the strengthening mechanism, this part is considered the first component of the constitutive 

model for the lunar soil simulant. Combining the aforementioned the shear dilatancy-softening rules and 

previous studies [24-28], the following formula can be proposed to represent the shear dilatancy and 

softening characteristics of lunar soil simulant: 
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In the formula, a, c are parameters; k1 is an amplitude parameter that can adjust the magnitude of the 

post-peak softening for different lunar soil simulants; 0   represents the initial yielding strain. The 

advantages of this formula mainly include three aspects: it has only one extremum within the specified 

region; the slope of the function tangent line at the peak is 0; as the strain approaches infinity, the 

function approaches 0. The function should also satisfy passing through point P(p , p- f (p)), which 

can be simplified as passing through point(p,).  f (p) represents the shear strength of the follow-

up strengthening model at p. From this, we can obtain: 
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Substituting (20) into (19), we obtain:   
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Furthermore, considering that the magnitude of shear stress in lunar soil simulant is also related to the 

normal stress, the compressive strength of cementitious material, and other factors, by modifying the 

above formula based on these two factors, a more comprehensive formula for the initial shear stress jt  

can be obtained:    
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In the above formula,  p represents the peak shear stress,   represents the initial yield stress, t 

represents the uniaxial compressive strength, which is approximately the compressive strength of the 

entire lunar soil simulant, and n represents the normal stress on the lunar soil simulant during loading. 

Establishment of the constitutive model and determination of model parameters 

Based on the above analysis, the constitutive relationship for the lunar soil simulant in this study 

can be expressed as follows: 
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After determining the constitutive model, the next step is to further determine the parameters in 

the constitutive model. The meanings and determination methods of the parameters are as follows: 

(1) Peak shear strain p , residual shear strain 
r , basic friction angle 

b , and residual friction 

angle 
r  can all be obtained from the monotonic shear loading tests. 

(2) Peak shear stress p : The peak shear stress of the lunar soil simulant can be obtained using 

the empirical equation proposed by Barton and Choubey [29], which is given by: 

                                                       tan log CS

p n b

n

C


  


  
= +  

   
                                                   (24) 

where C represents the strength of the cohesive force between the bonding particles, CS represents 

the compressive strength of the cementitious material in lunar soil simulant. 
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(3) The residual shear stress r  is determined by Coulomb's criterion:   

r n rtan  =                                                          (25) 

(4) Initial normal stiffness 
niK : Obtained from the normal monotonic loading test, its value is 

the initial slope of the normal stress-normal strain curve, as shown in Figure 3(a). The initial shear 

stiffness 
siK  is obtained from direct shear cyclic tests, and its value is related to the normal stress. Based 

on the shear stress-shear strain curve, the slope of the unloading portion after exceeding the initial yield 

point represents the initial shear stiffness, as shown in Figure 3(b). When it is challenging to determine 

through experiments, Bandis et al. [30] proposed an empirical formula for the initial shear stiffness 
siK  

based on a large number of tests:  

j

si j n( )
n

K K =                                                                    (26)  

Where jK  is the stiffness coefficient, 
n  is the normal stress, and jn  is the initial stiffness exponent. 

                

Fig.3 - Diagrams of (a) normal stress-normal strain curve and (b) shear stress-shear strain curve. 

(5) The initial yield stress 
0  and the initial yield strain 0 : Based on the method shown in 

Figure 3(b) for determining the initial shear stiffness, draw a line with a slope of 
siK  from the origin o 

which intersects the shear stress-shear strain curve at point F. This point F represents the initial yield 

point. When it is difficult to determine the initial yield point, according to Goodman's experimental tests 

[31], the initial yield point in the elastic phase is generally located at around 70% to 90% of the peak 

shear strength. Considering the yield characteristics of lunar soil simulant, we can estimate the initial 

yield point by taking 70% of the peak shear strength [20]. 

(6) The amplitude parameter 1k  reflects the shear dilatancy and softening characteristics of the 

material, which is related to the magnitude of the normal stress, and the adhesive force between 

cementing particles. Typically, for relatively rough particles of lunar soil simulant, the value of 1k  is taken 

as 4, which can be obtained from the first cycle of the shear loading test curve. 
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DIRECT SHEAR RESULTS AND VALIDATION OF THE MODEL  

Based on the above derived constitutive model and the determined parameters, direct shear test 

and model validation will be conducted using this constitutive model. The parameters involved in the 

constitutive model are listed in Table 1.  

Tab.1 - Key parameters of the model 

p (%) b /(°) 𝜎𝑐𝑠/kPa 𝜎𝜏/kPa k1 

2.65 40 1000 700 4 

r (%) φr /(°) C/ kPa 0 (%) 
 

8 30 4 1.35 
 

Figure 4(a) shows the shear stress-shear strain curves obtained by this theoretical constitutive 

model under different low normal stresses. From Figure 4(a), it can be observed that the shear stress 

first reaches its peak value, then rapidly decreases until it enters a relatively stable residual deformation 

stage, reflecting the shear dilatancy and softening characteristics of the lunar soil simulant. The peak 

shear stress and residual shear stress increase with the increase of the normal stress. Based on the 

shear stress-shear strain curves in Figure 4(a), the shear strength p  can be obtain under different 

normal stresses, as shown in Figure 4(b). By comparing with previous experimental results and 

theoretical results, there is a good agreement with experimental tests of Zhang et al. [18], indicating that 

the model not only captures the shear dilatancy and softening characteristics of the lunar soil simulant 

but also successfully simulates the direct shear test. Moreover, the values of cohesive force C and basic 

internal friction angle 
b  in the theoretical model are 4 kPa and 400, respectively. When the porosity 

e=1, the values C and 
b  in the experiment tests are 4 and 40.350 respectively. These two parameters 

used in constitutive model are almost consistent with those obtained in the experiment, and all belong 

to the range of variation of real lunar soil [1, 32], which further validates the rationality of the proposed 

model in the present work. 

 
Fig.4 - Direct shear results at different normal stresses: (a) shear stress-shear strain curves, and (b) 

Comparison of shear strength obtained from experiments and theoretical model. 
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INFLUENCES ANALYSIS OF MODEL PARAMETERS 

Since k1 is an amplitude parameter that can adjust the magnitude of the post-peak softening of 

lunar soil simulant, the change in k1 value will affect the residual shear stress after softening. Figure 5 

shows the shear stress-shear strain curves at various amplitude parameters. It is found that the change 

in k1 hardly affects the magnitude of peak shear stress, but it has a significant impact on the softening 

behavior and the magnitude of residual shear stress. When k1=2 and 3, after the sample reaches their 

peak shear stress, although there is softening, the softening phenomenon is not obvious and there is 

no relatively stable residual deformation stage. The degree of softening increases as the value of k1 

increases, when k1=4, there is a noticeable softening phenomenon, and relatively stable residual shear 

stress is observed, which is suitable for the shear deformation characteristics of lunar soil simulant. 

Therefore, k1 = 4 is used in the present study.  

 
Fig.5 - Shear stress-shear strain curves at various amplitude parameters (K1) 

   

Fig.6 - Shear stress-shear strain curves of lunar soil simulant specimens under different normal stress 

conditions: (a) low normal stress, and (b) conventional normal stress. 
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Figure 6(a) and (b) show the shear stress-shear strain curves of the lunar soil simulant samples 

under low normal stress and conventional normal stress conditions, respectively. From Figure 6, it can 

be observed that the shear stress first increases to its maximum value and then softens, leading to a 

rapid decrease in shear stress and entering the residual shear stress stage. It indicates that lunar soil 

simulant exhibits significant shear dilatancy and softening characteristics both at low and conventional 

normal stress conditions. Moreover, at low normal stress, as the normal stress increases, the peak shear 

stress and residual stress increase. Similarly, at conventional normal stress, with an increase in the 

normal stress, the peak shear stress and residual stress also increase.  

           

(a) (b) 

Fig.7 - Influences of simulation parameters on the stress-shear strain curves of lunar soil simulant 

specimens. 

 

Fig.7 - Influences of simulation parameters on the stress-shear strain curves of lunar soil simulant 

specimens. (a) different particle cohesions, (b) different internal friction angles, and (c) different 

compressive strengths of cementitious particles. 

To further reflect the influences of model parameters on the stress-strain curves and the shear 
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dilatancy and softening characteristics of lunar soil simulant specimens, Figure 7 presents the stress-

shear strain curves under different values of particle cohesion, particle internal friction angle, and 

compressive strength of the cementitious material in lunar soil simulant. From Figure 7, it can be 

observed that regardless of how the model parameters are changed, the overall curve patterns remain 

unchanged, namely, the shear stress first increases to reach the peak stress, followed by softening and 

eventually reaching a stable residual stress stage. This trend also reflects the pronounced shear 

dilatancy and softening characteristics of the lunar soil simulant. In Figure 7(a), as the particle cohesion 

increases, the peak stress increases, and the residual stress after softening also increases. Finally, with 

increasing shear strain, the residual stress tends to stabilize. Similarly, for different variations in the 

particle internal friction angle (Figure 7(b)) and the compressive strength of the cementitious material in 

lunar soil simulant (Figure 7(c)), a similar trend is observed, with higher values resulting in increased 

peak stress and residual stress. Compared to the internal friction angle and particle cohesion, the 

influence of change in compressive strength of cementitious material on shear strength is very small.  

CONCLUSIONS 

(1)    In this study, an elastoplastic constitutive model is developed to effectively captures the shear 

dilatancy and softening characteristics of lunar soil simulant. The model uses the kinematic hardening 

equations based on the classical elastoplastic theory to describe this strengthening phenomenon, and 

reflects the softening characteristics by introducing the concept of initial shear stress, which effectively 

compensates for the shortcomings of existing constitutive models in the literatures.  

(2)   The model only requires fewer parameters to be determined, and all of which can be obtained 

through simple initial loading curves from direct shear tests.  

(3)   The model allows for the analysis of the influences of parameters such as normal stress, 

particle cohesion, internal friction angle, amplitude parameter, and compressive strengths of 

cementitious material on the peak strength, residual strength, shear dilatancy and softening 

characteristics of lunar soil simulant. These results will provide some references for a deeper 

understanding of the mechanical behavior of lunar soil and the mechanical analysis involved in lunar 

soil mining and future lunar base construction. 

The model proposed in this study mainly focuses on dry lunar soil simulant. For the icy lunar soil 

in the south pole region of the moon, its deformation characteristics are different due to the special 

properties such as water content and ice soil cement, and the corresponding constitutive model also 

needs further research. 
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