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ABSTRACT

A civil engineering problem concerning the optimal design of a loaded frame structure with
a random Young's modulus is discussed. The developed multi-criteria optimization model involves
ODE-type constraints and also one chance constraint related to the structure’s reliability. A
computational scheme for this type of problem is proposed using the finite difference method for
the approximation of the ODE constraint and the scenario-based approach for random variable
approximation. The chance constraint is handled by two approaches — the analytical approach and
penalty reformulation. A posteriori check of satisfying the chance constraint is made, and the upper
bounds of the obtainable reliability are computed.
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INTRODUCTION

It is often important in engineering to find the best possible design of a studied structure. To
ensure the best solution, it is necessary to use a suitable optimization method. Furthermore, it is
useful to consider several optimization criteria, e.g. minimizing the cost (which corresponds to the
weight of the designed structure) and maximizing its rigidity. Optimal design problems in all
engineering areas often lead to multicriteria optimization models constrained by ordinary (ODE) or
partial (PDE) differential equations. At first, deterministic approaches have been used to solve such
problems where all parameters are considered to be deterministic. However, uncertainty plays an
important role due to variations in the material, variations in the external loads, etc. Therefore, the
probabilistic nature of these problems should be considered to provide a more realistic description
of real-world problems.

This paper focuses on the optimal design of a loaded frame structure with a random
Young's modulus. The reliability of the design is also an important issue here. Various approaches
can be used to solve such a problem. Deterministic and reliability-based structural optimization of
concrete cross sections has been compared, e. g. in [1], probability-based methods have been
used, e.g. to optimize the spun concrete pole in [2] and heuristic algorithms have been tested, e.g.
in [3]. A stochastic programming approach has been applied to a problem concerning the optimal
design of beam cross section dimensions, e.g. in [4], [5], [6]. The reliability of the design has been
addressed, e.g. in [7] and [8] by using chance constrained stochastic programming. This method is
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also utilized in this paper, and the chance constraint is handled by two approaches. Moreover, a
posteriori check of satisfying the chance constraint is made, and the upper bounds of the
obtainable reliability are computed.

PROBLEM FORMULATION

The problem of designing a frame structure has been chosen (see Figure 1). The task is to
obtain an optimal design of rectangular cross section dimensions while the frame’s weight is
minimized and its rigidity is maximized. The weighted sum method is used to solve the multi-
criteria problem (see [9]). A random Young's modulus related to different material characteristics is
assumed. The problem can be formulated as the following ODE constrained stochastic
optimization program:

3 3 3
min <—aIE (E(a))ab1 + E(w)ab; + E(a))ab3) np pab,l; + pab,l, + pab3l2)

(1)
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Amin <a<s Amax> (16)
bmin < b1:b2'b3 < bmax’ (17)

where a, f > 0 are the weighting coefficients, a« + f = 1, E(-) denotes the expected value, E(w) is
a random Young's modulus, w is a random outcome, Q is a sample space, ¢yigigitys Cweight are
typical values of rigidity and weight of the frame (normalizing constants), p is the beam density,
l,, 1, are the beam lengths, x, y are the related space coordinates, f(x) is a deterministic symmetric
static load, a, by, b,, b3 are the first-stage decision variables (dimensions of the rectangular cross
sections) and v, (w, x),v,(w,y),v3(w,y) are the second-stage decision variables (deflections).
More precisely, the deflections depend on a, by, by, bs, i.€. v;(w, a, by, by, b3, x), vy (w,a, by, by, b, V),
v3(w, a, by, by, b3, y), but this notation is not used for the clarity of the text.

Transverse deflections of the beams in the structure are described by the ODEs (2)-(4).
The boundary conditions for clamped end points given by (6) and (7) mean that there are zero
transverse deflections and their slopes. Because only small deformations with respect to the
dimensions of the beams are assumed, the theory of linear elasticity is used and, therefore, there
are zero transverse deflections in the beam connections, see the constraints (5)-(7). The beam
connections are solid, i.e. the right angles must be preserved during the deflection, see the

2

constraints (8)-(9). Furthermore, the bending moments given as M(x) = —E]%(x), M(y) =

d?v
= _E]d_yz
the beam connections, see the constraints (10)-(11). The maximum value of the stress must be
bounded for safety reasons. The horizontal beam is influenced only by bending moment, see the
constraint (12), but the vertical beams are pressure and bending loaded, see the constraints (13)-
(14). The limiting value g;;,,;; relates to the proportional limit which marks the end of the area of
elastic behaviour described by Hooke's law [10]. Also, the buckling stability conditions must be
added for the vertical beams, see (15), where y is the effective length factor and yl, is the effective
length of the vertical beams. Finally, the dimensions of the beam cross section must be bounded,
see (16) and (17).

3
W (J= 2 is the second moment of the rectangular cross section) must be the same in
12

y
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Fig. 1 — Scheme of the loaded frame structure and its cross sections with dimensions to optimize
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Approximation

The approximation of the above-mentioned continuous stochastic program is made in two
steps. First, a scenario-based approach for a random variable approximation is used, see e.g. [11],
[12]. It is assumed that the random Young's modulus E(w) has a discrete probability distribution
with a finite number R of equiprobable scenarios E(wg) with the corresponding probabilities p, =

1
=P{w}) = = S = 1,..,R.
The second step consists of discretizing the space coordinates x and y in the constraints. A

simple finite difference method (see e.g. [13]) with a uniform grid spacing is used: x; = id,i =
o,..,N,

yi=jhj=0,.,Md= %,h = lﬁz Derivatives are replaced by the central difference formulas and
difference equations are obtained. The following notation is used: vy (w, x;) = V15, Vigi = Vigis oo

CHANCE CONSTRAINT

A very important issue regarding the engineering design is its reliability. Therefore, the so-
called individual chance constraint (or probabilistic constraint) [11] is included in the model to
ensure higher reliability. In the context of this paper, the reliability of the design will mean that the
constraint limiting the maximum deflection of the horizontal beam should hold with high probability:

P(maxvy(w,x) <A)=>1-—c¢, (18)
where A is the given limiting value for the maximum deflection of the horizontal beam.

Analytical approach

For the given deterministic load f(x) = —f,, the following formula for the maximum
deflection of the horizontal beam can be derived:
C foli (151368 + 81,1,b3b3 + 81, 1,b3b3 + 412b3b3)
Pimax(@) = 5oy € = 32ab3 (31205 + 41, ,b3b3 + 41, 1,b7b3 + 42hIb3)
It means that the maximum deflection v, ;.. (w) is the transformed random variable. The

uniformly distributed Young's modulus is assumed, i.e. E ~ U(Epin, Emax), @and the distribution
function of the random variable v ,,,,(w) can be obtained:

(19)

p

0,z < )
max
s ® = | g (Enen —3) g S 2 < )
7Z) = —mM8M8M8M8 - SzZ=s 4
Vimax Emax — Emin max oz Emax Emin
1,z >
min

The left-hand side of the chance constraint (18) can be written as P(max v (w, x) SA)=
X
=K

V1,max

(4), and therefore, the chance constraint (18) in the analytical form is the following:

1 c
—(Emax—z)21—e. (21)

Emax - Emin

This analytical approach can usually be used only for simple problems when it is possible to
derive the corresponding distribution function. For more complex cases, another approach must be
used to solve chance constrained problems.
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Penalty reformulation

An appropriate penalty function v [14] is used to reformulate the chance constrained
problem (1)-(18):

E (E(w)abf + E(w)ab3 + E(w)abg) ‘B pabyl; + pab,l, + pabsl,
—a

125rigidity Cweight

min
a,bq,by,b3,V1,V5,03

(22)
+ MpenE <v (m;ax v (w, x) — A)),

where v: R - R{ is a continuous nondecreasing function equal to 0 on R; and positive otherwise,
My is @ penalty coefficient. Frequently used penalty function [19] is v(s) = (max(0, s))? (see
Equation (23)).

Hence, the approximation of the nonlinear continuous two-stage chance constrained
stochastic program is given by the following nonlinear deterministic program:

R
—a Esab3} + Egab3 + Ejab3 N ﬁpablll + pab,l, + pabsl,
. g 12¢rigiaicy Cweight
min s=1
a,b1,b4,bs, 23
; (9)
+ Mpen Z Ps (max(O, ml_ax Vl,s,i - A))Z
s=1
s.t. ab}Es(KVys + 2d¢@,5) =f,s =1,..,R, (24)
ab3Es(KV, s + 2hep, ) = 0,5 = 1,..., R, (25)
ab3Es(KVs s — 2hep, ) = 0,5 = 1,..., R, (26)
Vl,S,O = 0, Vl,S,N = O, VZ,S,O == 0, VZ,S,M = O, V3,S,0 = O, V3,S,M == O,S == 1, ...,R, (27)
q)l,s = (pZ,S!S = 1! ey R! (28)
ab13Es(2V1,s,1 + Zd(pl,s) - _ angs(ZVZ,s,M—l + Zh‘/’z,s) s=1 R (29)
12d? 12h2 ’ Ty
abiEs(2Vysny—1 + 2d@ys)  ab3Es(2V3gym—1 — 2h@y) 30
= ,s=1,..,R, (30)
12d? 12h2

|b1Eg(CVy 5 + d@is)| < d*01mie8 s = 1,..., R, (31)

b,E . foly
ths ((CVZ,S + h(PZ,S) + sz 1| < oimitl, s =1,..,R, (32)

bsE| . fola
T;(CV&S - h‘Pz,s) + sz1| < O-Iimitlis = 1, ...,R, (33)

f0l1<n2Esab23 foli _m*Esab3
2 T 120?22 122

Amin <acs Amax, bmin < b11b2:b3 < bmaxr (35)

=1,..,R, (34)
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— T _ T _ T
where Vo= Visy, o, Visn-1)" Vos = Vasa o Vosmu-1)" Vas = Vas1, -, Vasu-1) are the

7 -4 1 0 0 0
-4 6 -4 1 0 0
1 -4 6 -4 1 0
approximations of v;(w,x), v,(w,y), v3(w,y), K= : is a
0 1 -4 6 -4 1
0 0 1 -4 6 -4
0 0 0 1 -4 7
1 0 O 0
-2 1 0 0
1 -2 1 .. 0
square matrix of order N — 1, C = : is a matrix of order (M + 1) x (M — 1),
0 . 1 =2 1
0 . 0 1 =2
0 . 0 0 1

f=(12d*f, ... 12d* fy_ )T, @15 = (¢150,..,0,90:5)T is a (N —1) dimensional vector, ¢, =
=(0,0,..,0,¢,5)T is a (M — 1) dimensional vector, @} = (¢150,...0,90:5)7, g=(1,2,2,..,22,1)T
are (N + 1) dimensional vectors, @3¢ = (0,0,..,0,¢,5)T, 1=(1,..,1)T are (M + 1) dimensional
vectors.

For the analytical approach, the resulting model differs in the objective function (penalty

term is removed from Equation (23)) and Equation (21) is added to model the chance constraint
(18).

NUMERICAL STUDY

The results are presented for the following input data. The number of grid points are N =
50, M =50, the number of scenarios is R = 25,100,200. The load is constant: f(x) = —f,,
fo =10 Nmm™. The lengths of the steel beams are I, =1, = 1000 mm, their density is
p=7.85-10"% tmm?3. The stress limit is 0;,;; = 100 MPa. The limiting values of the beam
dimensions are a,;,in = bypin = 10 MM, @y = baxr = 100 mm. The random Young's modulus is
uniformly distributed: E; ~ U(200 - 103,230 - 103) MPa. The weighting coefficients are a = 0.5,
B =0.5 and the normalizing constants are cy;gigity = 5.25 - 102 Nmm?, c¢,eigne = 0.009 t. The
limiting value is A = 0.9 mm.

Both programs (using analytical approach and penalty reformulation) are implemented in
GAMS with solver CONOPT and ran on a PC with Intel Core i7 CPU 860 2.8 GHz and 8GB RAM.

Tab. 1 - Summary of the analytical approach results

R=25 R=100 R=200

Reliability Opt.solution [mm] Ob;j. Opt.solution [mm] Obj. Opt.solution [mm] Obj.
1—¢ a by b, =b; value a by b, =b; value a by by,=b, value
0.2 10 91.72 12.82 0.4987 10 91.72 12.86 0.4991 10 91.72 12.86 0.4991
04 10 92.56 12.82 0.5020 10 92.56 12.86 0.5023 10 92.56 12.86 0.5024
0.6 10 9343 12.82 0.5054 10 93.43 12.86 0.5058 10 93.43 12.86 0.5058
0.8 10 94.33 12.82 0.5089 10 94.33 12.86 0.5093 10 94.33 12.86 0.5093
0.9 10 94.80 12.82 0.5107 10 94.80 12.86 0.5111 10 94.80 12.86 0.5111
0.99 10 95.22 12.82 0.5124 10 95.22 12.86 0.5128 10 95.22 12.86 0.5128
0.9999 10 95.27 12.82 0.5126 10 95.27 12.86 0.5129 10 95.27 12.86 0.5130
1 10 95.27 12.82 0.5126 10 95.27 12.86 0.5130 10 95.27 12.86 0.5130

Table 1 shows the summary of the analytical approach results. More precisely, the
influence of the right-hand side 1 — ¢ of the chance constraint (18) on the optimal dimensions for
three different number of scenarios R is shown. There is a little difference only in dimensions b,
and b, for different R.
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The point estimate of probability (P.E. of probability.) in Table 2 is computed as the relative
frequency of the event max v;(w,x) < A. The summary of the penalty reformulation results is
X

presented in Table 2 shows the influence of the penalty coefficient value M., on the optimal
dimensions and also on the probability of satisfying max v, (w, x) < A for three different number of
X

scenarios R. With an increasing penalty coefficient, the dimension b; and also the rigidity of the
beam increase, and its deflection decreases. Therefore, the probability of satisfying max v; (w, x) <
X

A must also increase, as can be seen in Figure 2.

Tab. 2 - Summary of the penalty reformulation results

Penalty R=25 R=100 R=200
coeff. Opt.solution [mm] P.E. of Opt.solution [mm] P.E. of Opt.solution [mm] P.E. of
Myen a b; b, =b; probab. a b, b,=b; prob. a b, b, =b; probab.
0.5 10 89.56 12.82 0.00 10 89.65 12.86 0.00 10 89.67 12.86 0.000
0.7 10 90.47 12.82 0.00 10 90.56 12.86  0.00 10 90.58 12.86  0.000
0.9 10 91.02 12.82 0.08 10 91.11 12.86 0.04 10 91.13 12.86  0.045
1 10 91.24 12.82 0.08 10 91.32 12.86 0.06 10 91.35 12.86 0.070
5 10 93.36 12.82 0.48 10 9345 12.86 0.45 10 93.48 12.86 0.490
10 10 93.82 12.82 0.60 10 93.93 12.86 0.64 10 93.99 12.86 0.635
50 10 9444 12.82 0.76 10 94.60 12.86 0.83 10 94.65 12.86 0.830
100 10 94.57 12.82 0.84 10 94.77 12.86 0.90 10 94.83 12.86 0.895
1000 10 94.90 12.82 0.96 10 95.09 12.86 0.97 10 95.13 12.86  0.965
10000 10 94.95 12.82 0.96 10 95.23 12.86 0.99 10 95.23 12.86 0.985
50000 10 94.96 12.82 0.96 10 95.25 12.86 0.99 10 95.25 12.86 0.990
107 10 94.96 12.82 0.96 10 95.25 12.86 0.99 10 95.25 12.86 0.995

The comparison of the analytical approach and the penalty reformulation is made for R =
200 scenarios. Several values of the penalty coefficients corresponding to the selected reliabilities
are determined using the graph in Figure 3. The solutions for both approaches are quite
comparable (see Table 3). Also, the computational times are similar (~ 8 min). The penalty
reformulation is useful for more complex problems when the analytical approach cannot be used.
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I
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0o i -4~ R=z00

0 1 2 ES 4 5 5
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Fig. 2 — Probability of satisfying the constraint max v, (w,x) < A
X
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Fig. 3 — Determining the penalty coefficients for R = 200

Tab. 3 - Comparison of the analytical approach and penalty reformulation for R = 200

Analytical approach Penalty reformulation Penalty
Reliability Optimal solution [mm] Objective Optimal solution [mm] Objective coeff.
1—-¢ a by b, = bs value a b, b, = bs value Myen
0.2 10 91.72 12.86 0.4991 10 9215 12.86 0.5047 1.6
0.4 10 9256 12.86 0.5024 10 9312 12.86 0.5073 3.4
0.6 10 9343 12.86 0.5058 10 93.86 12.86 0.5092 8.2
0.8 10 94.33 12.86 0.5093 10 9456 12.86 0.5111 38.1
0.99 10 9522 12.86 0.5128 10 9524 12.86 0.5129 50000

RELIABILITY CHECK

A disadvantage of the penalty reformulation is that the reliability 1 — & from the chance
constraint (18) is not involved in the model. Therefore, it would be useful to make an a posteriori
check of satisfying this constraint.

First, the penalty reformulated problem with a smaller sample to yield a candidate first-
stage solution @, by, b,,b; is solved. Then, this solution is fixed and an a posteriori check is

conducted (see [16], [17]) to see if P (max vi(w,x) < A) > 1 — . Very large Monte Carlo sample
X

E(wq), ..., E(wgr) is taken, and it is calculated how many times the maximum deflection is smaller
than the given limit, i.e. 25;111 (max Vy5; < A). This number is denoted as r. The random variable
L

Y ~ Bi(R',p) expresses the number of experiment realizations when the random event
max v (w,x) < Aoccurs, i.e.p = P(max v;(w,x) < A). And now, the lower bound of the risk level ¢,
X X

for which the chance constraint (18) is still satisfied with the given confidence level 1 — §, can be
determined.

The following statistical hypotheses must be tested: null hypothesis Hy,:p <1 — ¢ and
alternative hypothesis H;:p>1—¢. The observed value of the test statistic s

a—(1- " o : .
z= ﬁ. The critical region is C = (u;_g,) where u,_s is the (1 — 6§ )-quantile of the

a-9@-(1-9)
RI

standard normal distribution. If z € C, H, is rejected and H, is not rejected at the significance level
6, i.e. the solution is accepted as feasible. To obtain the lower bound of the risk level ¢, the
following equation must be solved:
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g-(-9
J(l —8)(1-(1-¢)
RI

Us-s, (36)

The lower bound of the risk level &, for which the chance constraint is still satisfied, i.e. the
solution is accepted as feasible, with confidence 1 — § is €:

, 2 2 4 4r2uf_s
2(R"—r)+tuj_s+  J4rui_s+tuj_s— —R (37)

2(R" +uf_g)

€=

The upper bound of the obtainable reliability 1 — & with confidence 1 —§ is 1 —&.

If R" is a very large number (R’ = 50000 is used in this case), it is impossible to solve the
optimization problem directly. However, the objective function (23) is separable for fixed
a, bl' bz, b3:

pa(bily + byly + b3ly) +

Cweight (38)

R
Z . Esa(bi + bj + b3) 2
+ ) min|—ap; + Myenps(max (0, max Vy ¢ ; — A))|.
1 Vs 12¢4igia t ”
S=

It is advantageous for a multi-core processor to compute the problem in parallel because
the speed-up of the computations. The upper bounds of the obtainable reliability 1 — ¢ for different
penalty coefficients M,,.,, are presented in Table 4 and Figure 4. The confidence level is 1 -6 =

= 0.999.
Tab. 4 - Summary of the reliability check

Penalty R=25 R=100 R=200
coeff. Opt.solution [mm] Upp.b. Opt.solution [mm] Upp.b. Opt.solution [mm] Upp.b.
Myen a b, b,=b; ofl—-¢ a by by,=b; ofl—c¢ a by by,=b; ofl—c¢
0.5 10 89.56 12.82 0.0000 10 89.65 12.86 0.0000 10 89.67 12.86 0.0000
0.7 10 90.47 12.80 0.0000 10 90.56 12.86 0.0000 10 90.58 12.86 0.0000
0.9 10 91.02 12.82 0.0223 10 91.11 12.86 0.0452 10 91.13 12.86 0.0429
1 10 91.24 12.82 0.0753 10 91.32 12.86 0.0958 10 91.35 12.86 0.1144
5 10 93.36 12.82 0.5746 10 9345 12.86 0.5954 10 93.48 12.86 0.6067
10 10 93.82 12.82 0.6766 10 93.93 12.86 0.7017 10 93.99 1286 0.7171
50 10 9444 12.82 0.8147 10 94.60 12.86 0.8499 10 94.65 12.86 0.8720
100 10 94.57 12.82 0.8432 10 94.77 12.86 0.8871 10 94.83 12.86 0.8935
1000 10 94.90 12.82 0.8971 10 95.09 12.86 0.9565 10 95.13 12.86 0.9589
10000 10 9495 12.82 0.8971 10 95.23 12.86 0.9888 10 95.23 12.86 0.9814
50000 10 94.96 12.82 0.8971 10 95.25 12.86 0.9935 10 95.25 12.86 0.9935
107 10 94.96 12.82 0.8971 10 95.25 12.86 0.9941 10 95.25 12.86 0.9941
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Fig. 4 — Upper bound of the obtainable reliability 1 — &
CONCLUSION

The applicability of the chance constrained stochastic programming approach to the civil
engineering problem (a frame structure design) with a random parameter (Young's modulus) has
been discussed. It has been shown that the chance constraint relates to the reliability of the
structure. Two possible approaches have been used — the analytical approach and penalty
reformulation. Both approaches have provided comparable solutions. Unlike the analytical
approach, the penalty reformulation is applicable also for more complex problems. An a posteriori
check of satisfying the chance constraint has been made, and the upper bounds of the obtainable
reliability have been computed for different number of scenarios and penalty coefficients. Further
research should focus on reaching higher reliability and also on problems with more random
variables and joint chance constraints.
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